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Outline of my talk

Y. Epshteyn, C. Liu, M., Motion of grain boundaries with dynamic lattice
misorientations and with triple junctions drag, SIAM J. Math. Anal. 53 (2021),
3072-3097.

, Large time asymptotic behavior of grain boundaries motion with dynamic
lattice misorientations and with triple junctions drag, Commun. Math. Sci. 19
(2021), 1403-1428.

, A stochastic model of grain boundary dynamics: A Fokker-Planck
perspective. Math. Models Methods Appl. Sci. 32 (2022), 2189-2236.

1. Fokker-Planck model of grain boundary motion

2. Analysis of the equations
3. Joint distribution

This is a joint work with Yekaterina Epshteyn (The University of Utah),
and Chun Liu (lllinois Institute of Technology).
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Grain boundaries
r Grain boundaries (from Wikipedia)

A grain boundary is the interface between two grains, or crystallites, in a
polycrystalline material.

Example (Polycrystalline material)
metal, steel, alloy, ceramic, rock, ice, etc.

Figure: Micrograph of a
polycrystalline metal’

Figure: A schematic
diagram for a Figure: Multiscale
polycrystalline material problem?

1By Edward Pleshakov - Own work, CC BY 3.0, https://commons.wikimedia.org/w/index.php?curid=3912586
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Grain boundary energy

Grain boundaries are related to the properties of materials: Strength,
toughness, ductility, electrical and thermal conductivity.

r Grain boundary energy ~

Ft(i): Grain boundary (j = 1,2,3)

3
= A (1)) d
E(1) j;-/r}’"(r( a9 (1)) ds

isotropic

What is contributed the energy?

shape of the boundaries k@) = xU) (s, ¢) : curvature of T'U)
misorientation AaY) (¢) = aY-1 (¢t) — V) (¢) : difference in orientation
triple junction a(¢) : All of I'Y) meets at the point a ()
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Governing equations

r Governing equations (SIAM MA) ~
vy (s,) = po (A 1))k (s, 1), (M)
o () = =y (72 (AT )ILI™V| - 0 (A )IFY)),
(0)
3 )
; &5 (0,2)
a;(t) = Y o(AaY) (1)) 22, )
' ,Zl 169 (0,1)]
N _/
FEnergy dissipation ~
dpon o (1,0 1 0 1
TE@® = —J;(;w, (’)'2+ﬁfry> lo (s,t)|2) - la@F
(ED)
),
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Toward singularity, GBCD

Vs Grain boundary character distribution

The grain boundary character distribution is an empirical distribution of
the relative length or area of interface with a given lattice misorienta-
tion and grain boundary normal (cf. Bardsley-Barmak-Eggeling-Epshteyn-
Kinderlehrer-Ta'asan, 2017)

Figure: Steady state GBCD plots versus  Figyre: Steady state GBCD plots versus

Boltzmann distribution: 1000 grains  Boltzmann distribution: 5000 grains
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Relaxation of the curvature effect

Take the relaxation limit 4 — oo: Study interaction A« and a

/Governing equations ~
o () = -y (00 (A )ILIV| - 0, (AP NIT1), (0)
3 o
_ @) (yy @) —x9)
ar(t) = nj;G(Aa O e (T)
N ),
FEnergy dissipation ~
3
E(Aa,a) = Z oAV a)|a - x|
Jj=1
1
—E(t) =—— Z le? (1)) - JlaF
NG _J
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Relaxation of the curvature effect

Take the relaxation limit 4 — oo: Study interaction A« and a
r Governing equations ~

o @) = -y (00 (AT )ILI™| - 7, (AP O)IF?1), (0)

a(t) —x9
la(t) —x )|

3
a(t) = =1 ) o (A (1)) (M
~

J

NG Y,
r Problem ~

How to involve critical events, such as topological change of grain bound-
aries? How is the relation between the model and GBCD?

\_ J

o critical events : interaction between A« and a
e GBCD : use A as a state variable
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Change of variables

o () = =y (02 ATV )IRI™V| - 0 (A NIL1), ()

t —= A t T, < /N,
ar (1) n;a( oD O) e (M)
d(Aa da
(dt ) = _37VSAZ0;E =: VAo Z = -V E =: v,

where V¢ is the gradient of Aa with constraint AV @ + A@ @ +A® @ = 0,

3
71' 7z' 3 .
Q:=1Ac= AV, APa,A®Pq) € (_Z’Z) g JZ_;AU)Q =0

and QU = B c IR? is the state space for triple junction a.
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Stochastic model

d
= -3y VQ E =: vpq, d_‘; = -—nV.E =:v,.

d(A)
dt

Consider the interaction as a Brownian motion

d(Aa) dB da dB
= VAa @ .9 — = Uq a3, SDE
ar - Vet By ar Vet Py ()

where B is a Brownian motion, and constants B., B, > 0 are fluctuation
parameters.

Let f = f(Aa,a,t) be the probability density function for (SDE). Then f
obeys the following Fokker-Planck equation:

of

.Ba
—A
at

+ VL, - Wacf) + Va - Waf) = £ A“A9f+ ()

where Apo = VL - V2, Ay =V, V,.
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Fluctuation-Dissipation theorem

Recall that vae = =3y VL E, v, = -0V, E and

2
?‘T{W“ * (Waaf) + Va - (@af) = A AL+ S Sy (FP)
o Vii,(fv (B;‘“logﬂsyE)) "nz (ﬁ“logwa))

We impose the natural boundary condition:

2
= fV, ( “logf+17E)

AW ('B A 1og f +3yE| -

2 anQTJ Qx0QTy
= 0.
Consider the free energy, for a positive constant D > 0
FLf] := /f (D flog f + fE) dAada. (FE)
QXQTJ
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Fluctuation-Dissipation theorem

2 2
%{ =V, . (fv?a (’Bg“ logf+3yE)) +Vg - (fv,, (ﬁz“ logf+l]E)) (FP)

d d
ZFlf1=— /fQXQTJ(Dflogf+fE)dAada

=// fi(Dlog f + D + E) dAada
QxQry

f/ v ( AT 1og f +3yE) Ve (Dlog f + E) dAada
QxQry

—/] A (&logf+r]E)-Va(Dlogf+E)dAada.
QxQry 2

In order to ensure L F[f] <0

2 2

ﬂA“logf+3yE ocl”'[;“logf+nE x Dlogf+E
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Fluctuation-Dissipation theorem

Theorem
f : solution of (FP) subjected to the Natural boundary condition.

6y 2y’

)
a [[szTJ(Dflogf+fE) dAada

_ ﬂm //' f|V, (Dlog f + E)|* dAada  (EnergyLaw)
QxQ1y

- —a_[/ fIVa (Dlog f + E)|* dAada.
D QxQry

o (FDR) is related to the Fluctuation Dissipation Relation
¢ (EnergyLaw) ensures the existence of the equilibrium state.

(FDR)
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Fluctuation-Dissipation theorem

Theorem
f : solution of (FP) subjected to the Natural boundary condition.
2 2
= P _ Pa, (FDR)
6y 27

)
P [/QXQT](Dflogf+fE) dAada

_ ﬁm[/ f|V2, (Dlog f + E)|* dAada  (EnergyLaw)
QxQry

= e [/ fIVa (Dlog f + E)|* dAada.
2D QxQry

Equilibrium f,, satisfies V(D log fo. + E) = 0

foo(Aa,a) = CeXP (_W) ’ /]g; o foo dAada = 1.
X271y
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New formula from the asymptotics

Marginal distribution

peo(Ac) i= fg fulAa, a) da.
TJ

Poo IS NOt the Boltzmann distribution in general!!

Po(Aa) = C‘/Q exp (—W) da
TJ

3
1 . .
=C/ exp| —— oc(ADa)|a-x9|| da
. p( = Do @Da)la - x|

j=1

El(Aa’))

¢Cexp(— D
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New formula from the asymptotics

Marginal distribution

peo(Ac) i= fg fulAa, a) da.
TJ

Poo IS NOt the Boltzmann distribution in general!!

Poo(A) = C‘/Q exp (—W) da
T)

[ f, oo (-5) da)ow (-25).
where

E(Aa,a) = E1(Aa) + Ez(Aa, a),

3
| . :
Ei(Aa) = exp (—5 oc(ADa)|a, —x(’)l), a, : fixed

=1
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How to choose a.

Weighted Fermat-Torricelli point

3 3
ZU(AU)Q)|awFT—xU)| = inf ZU(AU)Q)la—xU)l = inf E(Aa,a).
= aEQTJ j= aeQTJ

Let @) be an angle formed by a — x @ and
a — x @1 at the triple junction a.

Proposition

a = awyr if and only if,

(c(ADa@) + (AT @))? — o (AF+D) )2
20 (AD @)oo (A @)

1- cos:/z(i) =

fori =1,2,3.
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How to choose a.

circumcenter
|@ce _x(l)l = |ace _x(z)l = |ace _x(3)|.

If a. = acc, then
3 . .
Ei(Aa) = ZO’(A(’)O')la* —x)|
j=1

3
= |a, —x D] Z c(AY )
j=1

Proposition
a = ac, if and only if

1-cosy @D 1-cosy? 1-cosy®

@ —x @2 7 [x@) —x®]2 7 |x®) —xD2°
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How to choose a.

(e (AD @) + o (AT @))2 — 5 (AE+) )2
20 (ADa)o (AC+D @)
1- COSlﬁ(l) 1- COSl/I(z) 1- cosz//(3)

4= fee D @ " x@ _xOp ~ x® _xO2

a=awr —1- cos;//(i) =

[l

Corollary
a = AwFT = dcc

(c(AVa) + (AP a))? - (AP a)?
20 AW a@)o (A@a)|x (D — x@)2

_ (c(APa) + (AP a))? - oc(AD a)?
T 20(A@@)c(A®a)|x@ —x®)|2

_ (c(APa) +c(AMVa))? - oc(AP a)?
T 20(A®a)a(ADa)|x® —xD|2
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Numerical experiments

e (t) = =y (7a ATV NILT | - 00 (4D )17, ©
3 .
__ ) (1)) 20 =xP

ar(t) = n;(r(Aa ) ) =<0’ M)

Distribution

s
3
2
a

® R, =1 & Triple junction = circumcenter

* R: =16
Triple junction = circumcenter = weighted Fermat-Torricelli point
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