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Moving Surface and Moving Thin Domain

» T'(t): given closed moving hypersurface in R™
without changing topology (n > 2,t € [0, T])
> v(+,t): unit outer normal vector field of I'(t)
> Vr(-,t): scalar outer normal velocity of I'(t)
» Q.(t): moving thin domain in R™ (¢ > 0: small)

Q(t) ={y+rv(y,t) |y €T(t), —e/2 <r < e/2}

I(t) Vrv
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Heat Eq. in Moving Thin Domain

atps - Ape =0 in Qe,T = Ute(O,T] Qe(t) X {t}
(He) { 0up® +Vep® =0 on 0iQer = Ute(o,T] 9. (t) x {t}
pe(-,0) = pg in Q.(0)
» v (-, t): unit outer normal vector field of 90, (t)

» V_(-,t): scalar outer normal velocity of Q. (t)
» Neumann type B.C. with additional term V_p*

d
& —/ pfdx =0, te (0,T)

» Our interest: What happens when the thickness e — 07?
(Thin-film Limit Problem)
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Previous Works on Moving Thin Domains

» Elliott—Stinner (2009): diffuse interface approximation in

e—0

Q.(t) — T'(t): moving hypersurface
of an advection-diffusion eq. on I'(t)

» Elliott—Stinner—Styles—Welford (2011):
numerical computation of the diffuse interface model

» Pereira—Silva (2013): reaction-diffusion eq. in

Q) ={(z'yz,) ER" |2’ Ew, 0 <z, < eg(x,t)}

2% w C R™1: stationary domain

» M. (2017): rigorous derivation of a limit eq. of (H.) in L2
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Thin-film Limit of (H.) in the L2-framework

(H.) 8:p° — Ap* =0 in Q.1, 8,.p°+ Vep° =0 on 8,Q. 1
M. (2017, Interfaces Free Bound.)
» For an L2-weak sol. p° to (H.), whene — 0,
Average of p€ in thin direction — 3n weakly on T'(t)
» 7 is a unique L2-weak sol. to the limit eq.
(Ho) {8°77 — VrHn — Arn =0 on St = U0 T'(¥) X {t}
n(-,0) = mo on I'(0)

> 9° = 8, + Vrr - V: normal time derivative
> H': mean curvature, Ar: Laplace—Beltrami op.

» (H,) is a diffusion eq. on I'(¢) (cf. Dziuk—Elliott (2007))
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Aim of This Talk

M. (2017, Interfaces Free Bound.)
» L2-difference estimate for p* and n
e 2|lp° = 7illL2(@.r)
< e(e72)1pg = ol (.o + €llmollzaron)
> iy +rv(y,t),t) =n(y,t) (y €T(), |r| <e/2)

» Estimate in L?*(Q.,r) has ambiguity due to |2.(t)| = O(¢)
— To avoid it, we take the scaled norm e=*/2|| - || t2(q. .

Aim of This Talk

Another approach to avoid ambiguity due to |2.(t)| = O(e):
» Difference estimate in the sup-norm for classical solutions
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Main Result

Theorem 1 (M., Interfaces Free Bound., 2023)

Let p* and n be classical sols. to (H.) and (Hj). Then,

l6° = Tl < e(I15 — Tolls@mmy + < lllsma ) )

> ||¥]ls@) = supg || for a bounded ¥ on @ C R* (k > 1)

> ||77||132,1(§) = ||77||B(§)+||3°"7||13(§)+Zk:1,2 ||V’1i"7||13(§)
(Il g2asmy < cllnoller+amoy), 0 < a < 1)

(HL) {&sps — Ap*=0in Qer, 8,.p° + Vep® =0 0N 8Qcr
: p°(+0) = Pﬁ in 2:(0) (pf) € C(Qs(o)))
0°n — VrHn — Arn =0 on St
(Ho)
n(-,0) = 1o on T'(0) (no € C(T(0)))
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Idea of Proof

(He) 8tP€ - APE =0 in QE,T7 auspe + ‘/eps =0 on aﬂQe,T
(Ho) 8°n — VrHn — Arn =0 on Sp
Idea is standard, but we need to be always careful about e:

(1) Construct an approximate solution Py (= n)to (H.)
(2) Estimate p* — pf, by the maximum principle for (H.)

In the actual proof, we first derive an a priori estimate for

Op° — Ap° = f:; in Qcr e . .
-~ - - p=p —pP
(Hs) ausps + ‘/;ps - ¢7€7 on ale,T "
_ . Ios W, errors
p°(-,0) = py in Q.(0)

in order to determine what is a suitable approx. sol. Py
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A Priori Estimate with Explicit Dependence on e

Theorem 2 (M., Interfaces Free Bound., 2023)

If p° is a classical sol. to (ﬁs), then 3¢ > 0 indep. of € s.t.

15l < (155 llsazay + 15 lls@ur) + & 195 ls@0..0)

Difficulty: we argue by the maximum principle, but

V. =4V on 8.0.(¢) /&
Vi 0,0 (t)

in the boundary condition T r

_ - Q)< -7 AV Tt
0,.p° + Vep© =y, /I-\ ®)
on 8:0.(t) v.  0-Qc()
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Theorem 2 (M., Interfaces Free Bound., 2023)

If o is a classical sol. to (ﬁs), then 3¢ > 0 indep. of € s.t.

15 s@mm < (155 lls@mmy + 155 Isc@un) + & 1w ls@ia.m)

Idea: forx = y + rv(y,t) € Q(t) (y € T(2), |r| < e/2), let
b (x,t) =rVr(y,t) — (r+¢/2)(r —e/2)
Then, ¢5(x, t) = e®<®Y p5(x, t) satisfies

0 — ACE+b° -V +C¢c=e®f° in Q.1
0,.C° + e = e®y® on 9Q.r
¢°(-,0) = 95 in Q.(0)

with |C¢| < C; (const. indep. of €) = Standard argument
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Choice of Suitable Approximate Solution

> By Theorem 2, the approx. sol. p (= 77) should satisfy
0y — Apf, = O(e) N Qe
Bv.P, + Verfy = O(€?) 0N 9Qer
However, 7 itself does not satisfy this due to V. pf in B.C.!
> To find pf, we substitute the asymptotic expansion
pe(y + EZV(yv t)? t) = no(ya t, z) + 8771(% t, z) + .-
(y,t) € St, z € [-1/2,1/2]
for (H.) and determine g, 11, and na:

O(e7?)in Q.1 O(e™") on 00Qe.r = Mo(z) = N0
O(e™') in Qery O(1) 0N 8,Qcr = Mi(2) = —2Veno
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» O(1) in Q.r, O(e) on 8,Q.r = Equation for n,(z):

9%ny(z) = 0°no — Armo — VeHno + Viino (2] < 1/2)
9.m2(£1/2) = £V2no/2

> Since [1/2. 82ny(2) dz = [0,12(2)]*?,,, we must have
1/2 Y2 1/2

807]0 — VFHT]O — AI"I]O =0 on ST (lel'[ eq)
In this case, n2(z) = 22V2n,/2.
» Therefore, the suitable approx. sol. p; to (H.) is
pz(y +ezv(y,t),t) = Zi:o sknk(ya t, z)

= "70(:’/7 t) - Ez(VI‘TIO)(ya t) + {(EZ)Z/Q}(VFZTIO)(:(/, t)
(y,t) € St, z € [-1/2,1/2]

T.-H. Miura (Hirosaki Univ.) Heat eq. in moving thin domain 2024/6/5 12/13



Thank you for your attention!
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Definitions of Classical Solutions

def
» p°is a classical sol. to (H.) &

p° € C(Qcr), 0ip° € C(Qer U 8Qc 1),
0:p®,0;0;p° € C(Q.1)

and p© satisfies (H.) at each point of Q. r

def
» 7 is a classical sol. to (H,) &

n € C(Sr), 8°n,D;n,D;D;n € C(Sr)

and 7 satisfies (H,) at each point of Sy
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A Priori Estimate with Explicit Dependence on e

Theorem 2 (M., Interfaces Free Bound., 2023)
If 5° is a classical sol. to (H.), then 3¢ > 0 indep. of e s.t.

15 lls@m) < (155 lls@mm + 17 lls@un + & 195 lseia..0)

|dea of Proof
> Forx =y + rv(y,t) € Q(t) withy € T'(t), |r| < e/2, let
. (2,t) = rVi(y,t) — (r +2/2)(r — £/2)
Then, ¢&(z, t) = e®<(®) 5°(z, t) satisfies
0C* — ACT+ DbV C¢=e®f°  in Q.r
8,.¢* +e¢c =€y on 9 Q.r
¢°(-,0) = e®95 in Q.(0)
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8,¢° — AC 4+ Db VEFC¢C =e™f  in Qer
8,.¢°+ ¢ =e"yp°  on 8Qcr
¢°(-,0) = e®95 in Q.(0)
» Moreover, 3C; > 0 indep. of e s.t. |C¢| < Cy in Q. 1.
> Hence, Z5 (x,t) = e (“1tVi(e (2, t) — M* with
M* = [|e*CO 55| gy + €™ FollB@er)
+ e e %] B@oue)
satisfies (D¢(xz,t) = C*(x,t) + C1 +1 > 1)
MZS — AZE +Db°-VZ: +DZ5 <0 in Q.r
0,.Z +e¢Z5 <0 on 8,Q.r, Z5(-,0) <0 in ©.(0)

= Z5 < 0 = Estimate for ¢* = e®<p* = Theorem 2
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A Priori Estimate is Optimal

» Assume that 3¢ > 0 indep. of € s.1.

®) 1A ls@er) < c(llﬁzllg(rs(o)) + I F°ls@er) + IItbsIIs(a@Qe,T))
for all classical sol. p to

Op* — Ap° = f° in Q.1
0v.p° + Vep* = 9 on 9,Q.r
5(-,0) = 55 in Q.(0)
» For any smooth ¢, ¢2: S — R, let
pe(z,t) = C(y,t) — r(Vid)(y, t) + (r%/2)¢2(y, t)
x=y+rv(y,t) € Q(t), (y,t) € Sr, |r] < e/2
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P (z,t) = C(y, 1) — (Vi) (y, t) + (r°/2)C2(y, t)
x=y+rv(y,t) € Qt), (y,t) € Sr, |r| < e/2

» Then, ¥ = 98, p° + V.p° on 8,Q. r satisfies
Y (x,t) = £(e/2)(¢2 — Vel)(y, t) + (°/8)(Vidz) (v, 1)
= 0(<(Ii¢llan + I llsen) )
» Also, f¢ = 9:p° — Ap® in Q. r satisfies
fe(z,t) = (8°C + VP HC — Ve HC — Ar¢ — ¢2)(y, t)
+ O(e(I¢lses ) + lCallzacsn) ) )
» Thus, if { = 8°¢ + VZH( — Vv H( — Ar¢ on Sr, then

£e(,1) = O (= (ICllmaacsy) + allmasm) ))

T.-H. Miura (Hirosaki Univ.) Heat eq. in moving thin domain 2024/6/5 18/13



pe(z,t) = C(y, 1) — r(VEd)(y, 1) + (r*/2)Ca(y, 1)
» Now we apply (b) to p° to get
15 s@er) < (155N s@soy + 17 I8@m + 14*ll5002.m)
< e {l1As sy + £ (IClssm + ICallzacsr) ) |

From this, we further deduce that

Iz < e {116C 0 sy + & (I€llsacsm + NGl sn) ) }

» Letting e — 0, we obtain

I<llsszy < cll€(+ 0)lIBro))

for any smooth ¢: S — R (obviously absurd!)
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Zeroth Order Terms of Time Derivative and Laplacian

» d(-,t): signed distance from I'(t)
» H(-,t): mean curvature of I'(t)
» Forn: St > Randy € I'(t), |r| < e/2,

ﬁ(:c,t) = n(ya t)a T=Yy+ TV(yat) € Qe(t)
» Then, for (d*7)(x,t) = d(x, t)*7(x,t) with k = 0,1, 2,

Oyi] — 8°n

HAﬁ — Arn

latan - (-7

|a(@a) - 27

\

B(Qe,T)

B(Qs,T)

B(Qe,T)

¢ < cellnllszasy

B(Qe,1) J
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