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Motivation

Macroscopic models of thermodynamic fluctuations of crystal surfaces

up = div (M(Vu)V f(=divD®(Vu)))
= —div (M(Vu) f'(=divD®(Vu))VdivD®(Vu))

physical choices:

= fp)=¢" f(p)=p

m D(E) ~ |€P,p > 1 (Marzuola-Weare 2013)
(&) ~ |&| (Liu-Lu-Margetis-Marzuola 2017)
= (&) ~ || + |€]® (Margetis-Kohn 2006)

1 0 1 0
" M(€> ~ [O (1 + |£|)—1] ) M(ﬁ) ~ U(ﬁ)T I:O (1 + ’£|)_1] U(ﬁ)
(Margetis-Kohn 2006)
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Approximate mathematical results

= existence for time-discretization of u; = A exp(—A,u) (Xu, 2018)
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Approximate mathematical results

= existence for time-discretization of u; = A exp(—A,u) (Xu, 2018)
m existence for time-discretization of
up = divM (Vu)V exp(—Apu — Aqu)

with M (&) ~ U(&)T [(1) (14 (y)gy)—l] U(€) (Xu, 2020)

= numerics for discretization of u; = —dive ¥<*21“V A, v, stability of

spatial discretization (Craig-Liu-Lu-Marzuola-Wang, 2022)
= existence for u; = Aexp(—Ayu), 1 < p < 2 (Price-Xu, 2023)
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Differences from second-order equations

® no maximum principle
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Differences from second-order equations

® no maximum principle

® no comparison principle

® no viscosity solutions

® |ess developed regularity theory

= no propagation of bounds such as || Vul| ;- (q)

® existence results rely on gradient flow formulations or monotonicity
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Monotone operators
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Monotone operators

ug = L(u)
(L(v) = L(w),v —w) <0
General theory by Minty (1962), Browder (1970), ...

General existence result using Galerkin method by Vishik (1962) for
parabolic systems of form

u; + (—1)"div' L(t, z,u, Vu,...,V'u) = g(t, )
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H~1-gradient flows

Flu) = /Q B(Vu)

(Ut7¢)H—1(Q) = (=DF(u), )

— _lut = u) -
/Q<A> ¥ /QD<1><v>w
up = —AdivD®(Vu)

Example:
= O(E) = €], uy = —Adivlg—z' (Giga-Giga 2010,
Giga-Kuroda-Matsuoka 2014, Giga-Kuroda-t. 2023)
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Weighted H ! gradient flows
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Weighted H ! gradient flows

B = B(t,x), (U,w)H—lA)(Q):/Q’U(—diV]B(t,‘)V)1’11)

B(t

(ut, V) g1 N (=DF(u),v)

B(t,
/(—diVBV)_lutw:/D(I)(Vu)-VUJ
Q Q

up = —divB VdivD®(Vu)

Damlamian, 1974: existence of HBTI gradient flows assuming
= ¢+ B(¢,-) is a family of uniformly equivalent scalar products on R™
= BecWhi0,T,L%°(Q))
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Wasserstein gradient flows

W, — a metric on the space of probability measures with finite g-th
moment

W, — weaker than H ! distance, equivalent to H~! on measures
with bounded densities

Examples:

= Fu) = [, |Vul?, vy = —divuV Au, lubrication problems (Otto,
1998; Giacomelli-Otto 2001)

"y = —divb(u)V(Au — g(u)) (Lisini-Matthes-Savaré 2012)

® divB(u)V via Wasserstein metrics (Mielke, 2011; Liero-Mielke
2013)
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Basic result: assumptions

u; + div B(u)VA(u) = divg

for simplicity 2 = T"
A(u) = div De®(z, Vu)
= ® is convex and C'! with respect to the gradient variable,

co([€FF —1) < @(x,€),  [De®(x,€)| < ca(|EP" +1)
with p > max(1, %)

B(u) = B(t, z,u, Vu, A(u)) with a Carathéodory function B
taking values in L(R™Y R"V) satisfying

pl <B < MI
" g=g(t,x) € L2]0, T[xQ)"N
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Basic result: statement

u; + div B(u)VA(u) = divg (%)
Theorem (Giga-t, in preparation)

Letug € WHP(Q) and let T > 0. There exists a weak solution to (x)
in]0, T[xQ with initial datum w satisfying energy inequality

s [ atvw e [ A BwvAw
SQ/Q - Vug) + //’Q|2
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Sketch of proof

® Galerkin expansion in terms of eigenvectors of the operator
Vdiv = A on L (Q)"N
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® Galerkin expansion in terms of eigenvectors of the operator
Vdiv = A on L (Q)"N

= approximate solutions u; to

u; + div P; (Bj(Uj)VAj(Uj)) =divP;g,
where P; — projection onto first j eigenvectors and
Aj(w) = divP; Dg®(z, Vw), Bj(w) =B(t,z, w, Vw, A;j(w))

satisfy energy inequality

® by boundedness of energy and monotonicity we have strong
convergence Vu; — Vu, De®(-, Vu,;) — De®(-, Vu)

= using the L? bound on V.A;(w) and interpolation, we obtain
strong convergence of A;(u;) and then B;(u,;)

12/20



Galerkin approximation

w1,ws, ... — orthogonal eigenbasis of A on L2, ()N
Vwi, Vws, ... — orthogonal eigenbasis of Vdiv = A on LQV(Q)”
P; — orthogonal projection onto span(Vwy, ..., Vw;)

N
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Approximate energy inequality
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Approximate energy inequality

d

— | ®(-,Vu;) = / De¢®(-,Vu;) : Vi,
dt Jo Q k

—/ Vdiv De®(-, Vuy) : (P (Bj(u;)VA;(uj)) +Pjg)
/VA ;) : Bj(u;)VA;(uj) /VA (uj):g

<—/VA wy) < By (u))V Ay () /|g|2

sup / - Vu;) + //V.A uj) - Bj(uj)VA;(u;)
0<t<T

sz/ - Vg ) + //IgIQ-
Q
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Limit passage |

u; — uniformly bounded in L>(0, T, W1r(Q))
A;(u;) — uniformly bounded in L?(0, T, H'(£2))
ujp = —divP; (Bj(u;)VA;(u))) + divP; g
u;+ — uniformly bounded in L2(0, T, H=(Q))
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Mazur’'s lemma, integration by parts

T
= lim /0 /Q(Dq)(',Vuj) — D®(-,Vu)) - (Vu; —Vu) =0

Jj—00
= Vu; - Vua.e.

— De®(-, Vuj) — Ded®(-, V) in L*(0, T, L™ (Q)), ' </
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Limit passage |l

ATA(Aj<uj> — A(w))?

T
= —/0 /Q(VAj(“J‘)_VA(“))'(PJ'D@(',Vuj)—PngI)(-,vu))
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Limit passage |l

/OT/Q(Aj<uj> — A(w))?

T
= _/0 /Q(VAj(“J‘)_VA(“))'(PJ'D@(',Vuj)—PngI)(-,vu))

P;De®(-, Vu;) — PyDed(-, Vu)
= (PjD¢®(-, Vu;) — P;De®(-, Vuu))
+ (P;De®(-, Vu) — PyDe®(-, V)
= ijj + Nj.
N; — 0in L*(0,T, L*(Q))
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Limit passage |l

Mj = Dﬁq)('v Vuj) - DE(I)('v Vu)
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Limit passage |l
Mj = D¢®(-, Vu;) — De®(-, V)
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Limit passage |l
Mj = D¢®(-, Vu;) — De®(-, V)

1Pt oy < 1Py IPME I o)

1Pt ) o ) = IAPM;(E I (0) = [VAIVPM;(E )220

1P M;(t, ) o () < CIPM;(E ) -0
< CIM;(ts )=o) < CIM(E )l @)
1P M|l 2(0,1,22(0))
< C'|VdivP; M (¢, ')le2(0,T,L2(Q))HMJ'( )HL?(OTL’ ()
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Limit passage IV

PjDe®(-, Vu;) — PyDe®(-, V) in L*(Qr)

18/20



Limit passage IV

PjDe®(-, Vu;) — PyDe®(-, V) in L*(Qr)

= Aj(uj) — A(u) in L*(Qr)

18/20



Limit passage IV

PjDe®(-, Vu;) — PyDe®(-, V) in L*(Qr)
= Aj(uj) — A(u) in L*(Qr)

- Bj(Uj) — B(u) in L2<QT)

18/20



Limit passage IV

PjDe®(-, Vu;) — PyDe®(-, V) in L*(Qr)
= Aj(uj) — A(u) in L*(Qr)
- Bj(Uj) — B(u) in L2<QT)

— BJ(uJ)V.AJ(uJ) — B(u)VA(u) in Ll(QT)
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Limit passage IV

PjDe®(-, Vu;) — PyDe®(-, V) in L*(Qr)
= Aj(u;) = Au) in L*(Qr)
= Bj(u;) = B(u) in L*(Qr)
= Bj(u;)VA;(u;) = B(u)VA(u) in L'(Qr)

= u; =divB(u)VA(u) +divg
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Scope

Generalizations:
® unbounded B

B(t,2,w, &, 2)| < c2 (fat, @) + |w]|™ + [£]" +[2|%)

with fo € L]0, T[xQ), g0 < p*, ¢1 < D, g2 < 2
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Scope

Generalizations:
® unbounded B

B(t,2,w, &, 2)| < c2 (fat, @) + |w]|™ + [£]" +[2|%)

with fo € L1(]0, T[xQ), o < p*, q1 < P, g2 < 2

® boundary conditions; we need a mild regularity assumption on 2
(C' is enough)

19/20



Summary
We obtained global-in-time existence of weak solutions to
u; + divB(u)VA(u) = divg, A(u) = divDe®(-, Vu)

Bad things:
® no unigueness

20/20



Summary
We obtained global-in-time existence of weak solutions to

u; + divB(u)VA(u) = divg, A(u) = divDe®(-, Vu)
Bad things:

® no unigueness
® degeneracy of B present in physical models inadmissible

20/20



Summary
We obtained global-in-time existence of weak solutions to

u; + divB(u)VA(u) = divg, A(u) = divDe®(-, Vu)
Bad things:
® no unigueness

® degeneracy of B present in physical models inadmissible
Nice things:

= we allow for tensorial mobilities B(u) depending on Vu and A(u)

20/20



Summary
We obtained global-in-time existence of weak solutions to

u; + divB(u)VA(u) = divg, A(u) = divDe®(-, Vu)
Bad things:
® no unigueness

® degeneracy of B present in physical models inadmissible
Nice things:
= we allow for tensorial mobilities B(u) depending on Vu and A(u)

= we can approximate bad-behaving B and obtain sequence of
approximate solutions converging weakly in L4(0, 7, W'P(Q))

20/20



Summary
We obtained global-in-time existence of weak solutions to

u; + divB(u)VA(u) = divg, A(u) = divDe®(-, Vu)
Bad things:

® No uniqueness

® degeneracy of B present in physical models inadmissible
Nice things:
= we allow for tensorial mobilities B(u) depending on Vu and A(u)

= we can approximate bad-behaving B and obtain sequence of
approximate solutions converging weakly in L4(0, 7, W'P(Q))
= we allow systems

20/20



Summary
We obtained global-in-time existence of weak solutions to

u; + divB(u)VA(u) = divg, A(u) = divDe®(-, Vu)
Bad things:

® No uniqueness

® degeneracy of B present in physical models inadmissible
Nice things:
= we allow for tensorial mobilities B(u) depending on Vu and A(u)

= we can approximate bad-behaving B and obtain sequence of
approximate solutions converging weakly in L4(0, 7, W'P(Q))
= we allow systems

Thank you for your attention!
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