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Kobayashi—-Warren—Carter model
Graln boundary

mterface betwe Crystalhnes 1n a polycrystallme materlal

Kobayashl—Warren—Carter (KWC) energy
1
Frowe(u,v) = / ago(v)|Vu +/ —\Vv\zda: +/ — F(v)dx
:

ao(v) >0 (e.g., ap(v) = sv7) ESMM(
F(v) : single-well potential (e.g., F(v) = a*(v — 1)%, a > 0)

KWC model --- (weighted) L?-gradient flow of Exwc
(Kobayashi—-Warren—Carter (’00), Warren—-Kobayashi—Carter (’00))

Vu ! \\\’\’\’\’\’\’\’\// mm

Qo (V)uy = div (Oé()(?]) \Vu\) . TV = AV 28F’(v) ay(v)|Vu| €

To(v” + &)uy | Siular i 0 th KC prolem a £ \¢ 0

\Y%
= sdiv | (v° +d') - uVu 0
V| * gradient flow of Eywc Ny gradient flow of Fy*
- ﬁ 1
Giga—Okamoto—-Uesaka (’23)
Giga—Okamoto-5.-Uesaka (to appear)

, Fractional time differential equation [FR

[to-Kemmochi—-Yamazaki (09, ’09, ’'12) e
Moll-Shirakawa (’14), Moll-Shirakawa—Watanabe (’ 17 ) |

Shirakawa—Watanabe ('13, ’14)
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Stationary solution F(v)=a*(v—1)% (a>0), opv)=02"
1
v = €AV F'(v) — ap(v)|Vu| in I = (—L, L) u(—L,t) =0
2¢e DBC for u : B
u(L,t) =0>0
(v)uy = div [ ao(v)— n1 (%
XA\ U)Us — A1V | (U ‘vu‘ 11 NBC f()r - U:U(ZZL,t) — 0
Lem. 1 (stationary solution) For g e C(I) satisfying £(0) < 8(z) ("z € 1),
| b for x> 0 u’ is a solution to |
0 forz <0 (6 a:) 4 . »
| u(—L)=0, wu(L)=0>b . .
Vg GV%D., nor}—decreasing., i.e., vg.(x)r >0 forxe (—L,L) B L.
~ w : stationary solution to (x) under DBC —L 0 L
1 a’(v—1) , T
— Ut = EVag - 2000, (1,>0) in I x (0,00) = —, V=V:(y,t) = v°(ey, t)
‘ E
ve(£L,t) =0 fort >0 v, =V, —a®(V—1)— 20V, (1,50)
v(z,0) = vj () for z € {) in (—L/e,L/¢) x (0,00)

v Equation which ¢ = lim v*(0,¢) solves
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Singular limit equation Giga—Okamoto-Uesaka (’23)

i) = [ SV dr+ [ P de — Ei(Q) =B 26O =03 Halc - 17
I I 1 - =
, {1}  for x # 0, v
=, o(x) = 0,1 s ,
it v—="2 E@) {[g,u torz=0 °SOD 3 5
Lem. 2 (Singular limit equation) | ’ -

V : bounded sol. to
| {7-1% — Vyy — QQ(V — 1) — vaay(1y>()) n R X (07 OO)

| V(y,0) =1 - Ce|y| (c € R), well-prepared initial data, i.e.,
= &(t) = V(0,t) solves — continuous & solves PDE outside y = 0

/0 mq(t — s)&s(s)ds = — grad ES{ZM (&)

i where
; e—attﬁ—l

['(5)

Mg (t) == 2 (ffo(t) 1 a? /O t fla/22(5) ds — a) o fe(t) =

a=0 ~ mgy(t) =2 ff/Q(t) = 1 N (LHS) = Caputo derivative 83 &
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Singular limit equation: sketch of the proot
w = V — 1] (U](LIZ’, O) — wo(x) p— —Ce_a‘wl)
Vi =V, — a*(V —1) — 26V 0, (1y>0) ~>  wp — Way + a*w + 2b(w +1)6 = 0

L 00
M) — Wy — Wap + a0 +2b(W+X"HI =0  w(z,\) = Llw](z, ) = / e Mw(z,t)dt
| 0

v

i — Ae—VAFalal _ € o—alal “b(1 - ¢) + ca
A AV + a2+ b)
2 C
\+a? — )
2 <\/ . - —2(b+ a)n — 2b1 = —L|grad ES&EM(Q]

Mg () =
Lem 2’ V : bounded sol., V(y,0) =14+ wo, wp :bounded & Lipschitz
L —  £(t) :=V(0,t) solves
| ma % & +ma(§(0) — 1) — L7 |20/ X+ a2g® (A, wo) | = — grad Egfy (€)
] _ e—\/A+a2|y|

where g%\, wqg) = (G *, wo)(0), GS(y) =
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Convergence
Lem S
.V : bounded sol. to {

Vi =V, —a*(V—1)—-20V9,(1,~9) in R x (0,00)
Vo : bounded & unifformly continuous on R

v : sol. to %Ut = cUpg = (Ug— 2 2b0°0,(1550) in 1 x (0,00) V=V (y.1)
v (£L,t) =0 (t >0), wv(z,0)=vy(x)
- lim sup [V (y) — Vo(y)| =0, Vi :=V|=0 € C|—L/e,L/e]
| Ojyl<L/e
| — V° — V locally uniformly in R x [0, co)
; £5(t) = v°(0,t) = V=(0,t) — £(t) =V (0,t) locally uniformly in [0, co)

| lim (Vo(y) = 1)lyl =0 = lim sup [|[V°=V|p~@qy=0, lim sup (|[V(y,t)—1|ly[) =0
| [y[—0 eNO o<t<T [y|—o00 0<t<T

Strategy of proot Vi onl. ~ V§ onR ~ Vis:=Vx*ps, Wy :sol
Arzela—Ascoll theorem & diagonal argument - convergent subsequence — V

Ve — odd part ~ the problem without the term V9,(1,-0)

even part - Robin boundary value problem
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Convergence & Numerical results

Thm T a’(v—1 _ .
, o+ ol to zlvt — Uy ( - ) 2000, (1,~0) in I x (0, 00)

Ve (L, t) =0 (¢t >0), wv(z,0)=v5(x)

v : well-prepared, i.e., sup|vi(z) — (1 —ce /)| — 0 (e \,0)

| xel .
! —  £°(t) 8@) £(t) locally uniformly in [0, co), /O me(t — s)&s(s) ds = — grad E%M(f)
| fo 0,
vt — =, Z(x,t) = 1 | i
=\,0 close interval between £(t) and 1 for x = 0

2
— 1
- (”5 ) in (0. 1) x (0, 00)
b
—v:(0,t) + EU(O’t) =0 fort>0
Ve (L,t) =0 for ¢ > 0
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Summary
Kobayashi—Warren—Carter model

TV = €AV 8 F'(v) — ap(v)|Vu| in T 0
dw( |vm) n § §
e — L O L
{T;vf — S a2(v€ D obf0,(1,20) in T x (0, 00)
ve(+L,t) =0 (t>0), v°(x,0)=v5(x)
t
(1) =07(0,8) — £(t), [ mal(t— s)Es(s) ds = — grad ESy (6)

E\O 0

| A
E2 o (u,v; g) ::/QO(U)WUH—/ —WU\de +/ — F(v) dx A /(u—g)de
0O Q 2€ 2 0

Thank you for your attention!
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