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Each surface atom breaks the bonds with its nearest
(horizontal) neighbors at a random (exponentially distributed)
time and then jumps (uniformly) to one of its neighboring sites.
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Each surface atom breaks the bonds with its nearest
(horizontal) neighbors at a random (exponentially distributed)
time and then jumps (uniformly) to one of its neighboring sites.

The rate at which those bonds are broken depends on the
energy barrier that must be overcome in breaking them.... but
atoms with lots of horizontal neighbors will move infrequently
and neighbors with no (adatoms) or few horizontal neighbors
will move more frequently.
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Each surface atom breaks the bonds with its nearest
(horizontal) neighbors at a random (exponentially distributed)
time and then jumps (uniformly) to one of its neighboring sites.

The rate at which those bonds are broken depends on the
energy barrier that must be overcome in breaking them.... but
atoms with lots of horizontal neighbors will move infrequently
and neighbors with no (adatoms) or few horizontal neighbors
will move more frequently.

Macroscopically you might expect convex regions to move
more slowly than concave regions.
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We model the crystal surface as an indexed set of integer
valued random variables hy(t, o) € Z where a € T, (the
d-dimensional torus).

The jumps:
hn = JaJ?hy add an atom at 8 and subtract one from «

where

hy(a) =1, =
hN(’V)v Y 7é a

hN(Oé)+1, Y=

JoP () = { hn(v), v # o

and J%hn(v) = {

Now we need the rates...
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We need an estimate of the energy barrier that must be
overcome in breaking an atom’s neighbor bonds.

If we define the total energy of the surface to be:

Hihy) = > > V(Y] hy(e))

aeTy i<d

where

Vigla)=gla+e)—gla) and Vjg(a)=g(a) - gla—e)

then the (symmetrized) change in energy that results from
removing the atom at site « :

Maln) = 3 3 (VIV} dub(@)) — V(T hu())

i<d

+ V(V; dahin(@)) = V(V; h(a)).
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The rate at which the atom at site o breaks its bonds and
becomes free to move is
e—2Kna(hN)

The rate at which an atom breaks its bonds and moves to any
particular neighbor is

1 _
() =5 e 2Kna (hn)

The generator is

Anf(n) = > () (f(JghN) - f(hN)> .
a,ﬁGT‘K,
|a—B|=1
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h(t,-) is reversible with respect to the distribution

m e_KZaETN 2i§d V(V;FhN(a))’ If ZO&E’EN hN(a) =m
PN X '
0, otherwise

withm=73%" .7, hn(0, @)

Our objective is to characterize the non-equilibrium continuum
(large N) behavior of the surface.
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But first...

This is oversimplified but physically reasonable:

The atoms mostly jiggle around on their sites but eventually
climb out of the potential well (from bonds with neighbors)
confining them. The escape event is rare and it's reasonable to
assume that

@ the rate is dominated by the change in energy and

@ the projection of the system onto the site occupation
number remains Markovian.
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A couple of examples
@ Suppose V(z) = |z|. Then

Na(h) +297 = 37 Ay <mis)):
BETY,
la—B|=1

i.e. up to an additive constant (a time rescaling), the
generalized coordination number is the number of bonds
that need to be broken to free the atom at lattice site a.

@ Suppose V(z) = z2. Then
Na(hy) —2d =" Vi hy(e) = V; hy(a),
i<d

i.e. up to an additive constant, the generalized coordination
number is the discrete Laplacian of the surface at lattice
site a.
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Why this model?

This model is far from perfect:
@ no substrate interactions (e.g. elasticity),
@ no defects (e.g. vacancies),

© many systems require modeling the electronic structure
(probably via DFT) to get correct barrier heights for
estimating jump rates,

Q ..

But it is close to models used in very large scale simulations.
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These models have not been considered by mathematicians
but close relatives have been studied:

Funaki and Spohn (1997) studied the hydrodynamic limit of

_0H(hw)

dhw(t ) = —5p o0

dt + V2K TdW(t)

where here hy(t, ) € R
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They show that if
z 1 4 d 1 1
hn(t,x) = N~ "hy(N*t, ) where Nx e NiL4 |aj — =, + =

then hy converges to the solution of the PDE

dth = Kdiv [o¢(Vh)]
The surface tension is defined by o¢(u) = VFg(u) where

1
Fe(u) = K SUPd {UTU — IOg/ Rde_KZISd V(w,-)+KadeW}
oc€R we
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They show that if
z 1 4 d 1 1
hn(t,x) = N~ "hy(N*t, ) where Nx e NiL4 |aj — =, + =

then hy converges to the solution of the PDE

dth = Kdiv[oc(Vh)]

The surface tension is defined by o¢(u) = VFg(u) where

]:C(U) = l sup UTU — IOg/ e_KZISd V(W/)+KO'TWdW
K UERd WE]Rd
f we KXi<d V(Wi)+Ka(u)deW

u= f efKEigd V(W,')+KO'(U)TWdW
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Nishikawa (2002) extended Funaki and Spohn’s approach to

hs at+ v —-2K-1AdW(t)

dh(t,a) = A

a)=> Vigla) - V;ig(a).

i<d

where

He proved that hy converges to the solution of the PDE

(91/’7 = -KA [dIV [Uc(Vh)]]

Jeremy L. Marzuola crystal surface relaxation



Recent work of Armstrong-Wu (2019) shows that o¢ € C%# for
some 5 > 0. What can we say about op??
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This last overdamped Langevin equation for continuous height
variables can be derived from the KMC model by introducing a
vanishing lattice constant.

Replace V(z) by V(az), rescaling time appropriately, and
taking a — 0.

One can then apply Nishikawa’s result to make an approximate
statement about the scaling limit of the KMC equations.

This was pointed out by Haselwandter and Vvedensky.
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The small lattice constant limit sacrifices interesting features.

For example, if V is symmetric and if hy is a solution of the
SDE then —hy, is also a solution.

Remember that in the KMC model convex regions are much
stickier than concave regions.
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Krug, Dobbs, and Majaniemi studied the evolution of a model
very similar to our KMC models in 1D when V(z) = |Z|

They first argue for
Oth = —KA[div [op(Vh)]]

with op(u) = VFp(u) where

Fo(u) = 1? sup {UTU — log Z e K2id V(Zi)+Kchz}

d
oceR ZEZd

Jeremy L. Marzuola crystal surface relaxation



Then at the end of the paper they give arguments supporting

oh= A edeiv[aD(Vh)]]

As they point out... this PDE gives the first PDE when curvature
of the surface is small.

Jeremy L. Marzuola crystal surface relaxation



M-Weare (2013): The correct limit depends on the scaling
regime.

And the standard scaling regime may tell us less about the
physics.
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Inthe h~ N~1hy, s ~ N*t, x ~ N~'a regime we argue for

Oth = — 0% A [dv [o(V )]
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Figure: V=Zz2forT=1e—1atK =15
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Inthe h~ N=1hy, s ~ N*t, x ~ N~'a regime we argue for

K .
Oth = — 5 Aldiv[op(Vh)]]

—N==
- - -N = 400|

% o1 02 03 04 05 06 07 08 o089 1 g 065 07 075 08 085 09
(@ )

Figure: V= |z|for T=1e—-3atK=1.5
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Now suppose that for some p > 1

V(ku) = xPV(u) forall >0

Letting g = p% and scaling like
h~N"9y s~NI*2t x~N'a
we argue that hy converges to the solution of

1 —KS i V'(0x,h)02h
h=— isd B ATNTUEN
Ot 5 A [e
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Figure: V = |z|3/2for T=1e—12atK =1.5
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Figure: V=2z%forT=1e—-20atK =1.5
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@ For the rough pde with p = 1 and the continuous surface
tension, jointly with Jian-Guo Liu, Jianfeng Lu and Dio
Margetis (2019) we derived the exponential PDE in the
p = 1 case and studied facet dynamics for that model. This
is related to the work of Giga-Kohn (2011), Giga-Giga
(2010) on Total Variation flows.
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@ For the rough pde with p = 1 and the continuous surface
tension, jointly with Jian-Guo Liu, Jianfeng Lu and Dio
Margetis (2019) we derived the exponential PDE in the
p = 1 case and studied facet dynamics for that model. This
is related to the work of Giga-Kohn (2011), Giga-Giga
(2010) on Total Variation flows.

@ The PDE takes the form

- Oxh
ouh = de” *UEH) | n(x,0) = ho(x)
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@ For a non-exponential version of this model,

Oxh
81‘/7 = —axxax (|6Xh‘) ) h(Xa 0) = hO(X) )
X

Giga-Giga (2010) proved the existence of shock-like
solutions satisfying
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@ There are implicit facet dynamics that can be derived and
relate to a jump forming at the point of minima and
maxima.
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@ There are implicit facet dynamics that can be derived and
relate to a jump forming at the point of minima and
maxima.

@ Numerical methods also need to be carefully developed to
capture jumps.
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@ In this case, the energy supports the formation of jump
discontinuities. The front of a facet (x¢, hf) can be shown to
obey the Differential-Algebraic system of equations

Xr = 1ffxféfif))<f) :
hf = _2F(Xf)2 )
Xt(ho(x¢) — hy) = —2x:F(X;)?

where the variable X; is an extra variable included to
enforce an algebraic condition.
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oy

Figure: Snapshots of evolving surface height profile, h(x, t), under
initial data h(0, x) = sin(x) (top panel) by fourth-order total variation
flows given by: exponential PDE with regularization parameter

v =103 on atime scale T = 10~* (bottom left panel); and by PDE
with regularization parameter » = 10~2 on a time scale T = 102

(bottom right panel).
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Figure: (Color Online) Plots of facet height hy(t) versus time, ¢ (top left
panel), facet position x¢(t) versus t (top right panel) and facet height
versus facet position (x¢(t), h¢(t)) (bottom panel). The initial data is
taken from the PDE evolution as x¢(f) = 1z, hr(f) = .98879899 with
oy = 5 x 10~7. The numerical experiments for the ODEs and PDE are
then compared up to time T = 1073,
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@ These PDEs can be related to the total variation flow in
H~" for the given energy.

E[H] = y/ﬂ (1vhl+ 2Iwvnp) ax (P,
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@ These PDEs can be related to the total variation flow in
H~" for the given energy.

E[H] = y/ﬂ (1vhl+ 2Iwvnp) ax (P,

@ For g > 0, due to presence of the (less singular) term
|0x h|® in the surface energy, the solution to this PDE no
longer develops jumps in the height profile. This is
expected from other studies in the non-weighted H~" total
variation flow.
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@ Recent progress on Exponential PDE with p = 2 by J.G.
Liu, Y. Gao, J. Lu, X. Xu, R. Granero-Belinchon, M.
Magliocca, R. Strain, D. Ambrose, JLM, ....
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@ Recent progress on Exponential PDE with p = 2 by J.G.
Liu, Y. Gao, J. Lu, X. Xu, R. Granero-Belinchon, M.
Magliocca, R. Strain, D. Ambrose, JLM, ....

@ There are three main approaches:
1. A small data theory in the Weiner Algebra space
(Granero-Belinchon, Magiliocca; Liu-Strain; Ambrose,
GLLM).
2. A large data weak solution theory similar to the entropy
solutions of Bernis-Friedman (Liu-Xu, GLLM).
3. A small data, quasilinear approach for the u equation,
see certain recent results of Quoc Hung Nguyen on
quasilinear parabolic models.
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@ One can even include 2nd order effects of evaporation and
deposition to arrive at at PDE of the form:

oth=NAe 2" 4 (1 — 2N,

See Gao-Liu-Lu-M (2020).
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@ One can even include 2nd order effects of evaporation and
deposition to arrive at at PDE of the form:

oth=NAe 2" 4 (1 — 2N,
See Gao-Liu-Lu-M (2020).

@ Define
Ah

u—=e
The equation can be formally recast as

otu = —uA[Au+ (1 —u)].
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@ For weak solutions, use a regularized method to first prove
the existence and strict positivity for regularized solution u.
to a properly modified equation below, then take limit
e — 0. For 0 < a < 1, the regularization of the u equation
we consider is

1+a
UE
Ol = “mre (Ofu. — 02u.), forte[0,T], x€T;
u:(0, x) = Up(x) +¢, for x € T.
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Singularity Formation for p=2

@ Using the change of variables u = e=2", the 4th equations
of motion become
U = —uA?u.
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Singularity Formation for p=2

@ Using the change of variables u = e=2", the 4th equations
of motion become
U = —uA?u.

@ There is a related 2nd order model of the form

us = uAu.
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Singularity Formation for p=2

@ Using the change of variables u = e=2", the 4th equations
of motion become
U = —uA?u.

@ There is a related 2nd order model of the form
us = uAu.

@ Note, one of these looks a bit like the thin-film equation
and one looks a bit like the porous medium equation, but
without gradient structure!
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@ Self-similar solutions that are quartic in the 4th order case
and quadratic in the 2nd order case can be found, but they
do not behave well with respect to boundary conditions.
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Singularity Formation for p=2, 4th order
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Almost Singularity Formation for p=2, 2nd order
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@ Note, setting v = uy, we get
OtV = Wy + UVyy,

which resembles an Euler equation with variable coefficient
viscosity. It was observed by Tarek Elgindi that using the
maximum principle this solution cannot form a true
singularity. With David Ambrose and Doug Wright, we are
now pursuing this as a means of capturing both the
transition layer between self-similar profiles and trying to
build solutions that almost form singularities in the 2nd
order case and do indeed form singularities in the 4th
order problem.
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@ With Yuan Gao, Jian-Guo Liu, Jianfeng Lu and Anya
Katsevich (2021), we considered Metropolis-style rates
and analyzing dynamics in comparison to the Adatom
KMC models. These rates have some distinct differences
and a temperature dependence in the form of the limiting
PDEs can be seen. We focus here on the case p =2 as
many calculations become more explicit. The PDE limit
proposed here is of the form

Beh(t, x) = By (e[—83h<nx)] _ e[@?h(u)]) ,
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@ With Yuan Gao, Jian-Guo Liu, Jianfeng Lu and Anya
Katsevich (2021), we considered Metropolis-style rates
and analyzing dynamics in comparison to the Adatom
KMC models. These rates have some distinct differences
and a temperature dependence in the form of the limiting
PDEs can be seen. We focus here on the case p =2 as
many calculations become more explicit. The PDE limit
proposed here is of the form

Beh(t, x) = By (e[—83h<nx)] _ e[@?h(u)]) ,
@ This is NOT quite the exact limit you get from the KMC

system, but it is close as the temperature gets large. See
the works by Katsevich exploring this (2022,2023).
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PDE models

@ Recall, we are generally interested in the models we
consider of the form:

hy = Ae‘APh

for Ap the p-Lapalcian for p > 1 given by the
Euler-Lagrange equation for the surface energy

E(h) = ;) / IVh|Padx.
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Gradient Flow Framework

@ Recently, with Craig, Liu, Lu and Wang, we have
introduced a gradient flow structure numerical flow that
allows one to numerically solve

hy = Ae_A1h
using the FORMAL gradient flow structure

o
hi+ V- (M(h)Vah> =0,

M(h) = e 21" E(h) = [|Vh]| .
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Gradient Flow Framework

@ Examples:

@ M(h) =1 — H~' gradient flow,

@ M(h) = h — W, gradient flow,

© M(h) non-negative, concave — weighted W, gradient flow
(See Carrillo-Lisini-Savaré-Slepcev (2009),
Dolbeault-Nazaret-Savaré (2009), Lisini-Matthew-Savaré
(2019), ...)

Q M(h) € Lin(R**9 R**9) — gradient system (Liero-Mielke
(2013))
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Gradient Flow Framework

@ Examples:

@ M(h) =1 — H~' gradient flow,

@ M(h) = h — W, gradient flow,

© M(h) non-negative, concave — weighted W, gradient flow
(See Carrillo-Lisini-Savaré-Slepcev (2009),
Dolbeault-Nazaret-Savaré (2009), Lisini-Matthew-Savaré
(2019), ...)

Q M(h) € Lin(R**9 R**9) — gradient system (Liero-Mielke
(2013))

@ Our mobility is a nonlinear function of the 1-Laplacian and
hence falls well outside existing theories, but....
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Recent Advances with formal H~' gradient flow for

p = 1 using ideas of Otto (2001), Giga-Giga (2010), ...
@ Suppose 0 < M(h) € L'(T). Define
Apv =V - (M(h)Vv).
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Recent Advances with formal H~' gradient flow for

p = 1 using ideas of Otto (2001), Giga-Giga (2010), ...
@ Suppose 0 < M(h) € L'(T). Define
Apv =V - (M(h)Vv).
@ We define the weighted Hilbert space

Mgy = [ MeyiwvPox = [ vanox
Td Td
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Recent Advances with formal H~' gradient flow for

p = 1 using ideas of Otto (2001), Giga-Giga (2010), ...
@ Suppose 0 < M(h) € L'(T). Define
Apv =V - (M(h)Vv).
@ We define the weighted Hilbert space
HVHH1 = / M(h)|Vv|?dx = —/ vApvdx.
Td

@ We have the dual space:

e
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Recent Advances with formal H~' gradient flow for

p = 1 using ideas of Otto (2001), Giga-Giga (2010), ...
@ Suppose 0 < M(h) € L'(T). Define
Apv =V - (M(h)Vv).
@ We define the weighted Hilbert space
HVHH1 / M(h ]Vv]zdx——/ vApvdx.
Td

@ We have the dual space:

WHH .= /waAEde.
@ And the sub-differential

aHh_15

and gradient
VHh_1€(¢).
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Recent Advances with formal H~' gradient flow for

p = 1 using ideas of Otto (2001), Giga-Giga (2010), ...

@ To get to a well-defined gradient flow, we require that the
time derivative of h(t) makes sense wrt || - ||H7(1) and that
h(t

M(h(t)) remains in L' and > 0 for all t.
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Recent Advances with formal H~' gradient flow for

p = 1 using ideas of Otto (2001), Giga-Giga (2010), ...

@ To get to a well-defined gradient flow, we require that the
time derivative of h(t) makes sense wrt || - || ,—1 and that
h(t)

M(h(t)) remains in L' and > 0 for all t.
°

OE OE
Oth =~V 1 E(h) & dth+Ap5e =0 & Gh+V-Mh)V - =0
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Our proposed numerical method - Mobility

@ Even with a smooth profile, e21" is not really well-defined
since Aq (sin(X)) ~ —25ﬂ./2(X) + 25371./2(X).
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Our proposed numerical method - Mobility

@ Even with a smooth profile, e21" is not really well-defined
since Aq (sin(X)) ~ —25ﬂ./2(X) + 25377/2()()-

@ Prior works have considered the mobility formulation of the
Total Variation flow, see (Giga-Giga (2010)) in which they
consider a Mobility that is of the form given by the Taylor
expansion X ~ 1 + x.
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Our proposed numerical method - Mobility

@ Even with a smooth profile, e21" is not really well-defined
since Aq (sin(X)) ~ —25ﬂ./2(X) + 25377/2()()-

@ Prior works have considered the mobility formulation of the
Total Variation flow, see (Giga-Giga (2010)) in which they
consider a Mobility that is of the form given by the Taylor
expansion X ~ 1 + x.

@ Given that the exponential breaks convex/concave
symmetry, we consider of mollified mobility. Given

b€ CX(T, ¢>0, / pax =1, pu(x) = e o(x/e),

we define
M.(h) := e~ P*Aih,
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Our proposed numerical method - time discretization

@ We consider a semi-implicit time stepping scheme similar
to for instance the JKO framework, see also
Murphy-Walkington (2019) in the Porous Medium Equation.
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Our proposed numerical method - time discretization

@ We consider a semi-implicit time stepping scheme similar
to for instance the JKO framework, see also
Murphy-Walkington (2019) in the Porous Medium Equation.

o
™1 € argmin E(h) + luh —h"2_,
h 2T hn
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Our proposed numerical method - time discretization

@ We consider a semi-implicit time stepping scheme similar
to for instance the JKO framework, see also
Murphy-Walkington (2019) in the Porous Medium Equation.

o
™1 € argmin E(h) + luh —h"2_,
h 2T hn

o Or...

Bt o€
AL (M(h”)Vahn+1> |
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Our proposed numerical method - time discretization

@ We consider a semi-implicit time stepping scheme similar
to for instance the JKO framework, see also
Murphy-Walkington (2019) in the Porous Medium Equation.

(]
™1 € argmin E(h) + th — |2 _,
h 2T hn

o Or...

Bt o€
AL (M(h”)Vahn+1> |

@ For the Total Variation Energy (L), if i” € D(E) and
0 < M(h™) € L', there exists a unique solution to A™1!
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Our proposed numerical method - space discretization

@ We have the optimization
1
n+1 : 7 _ RNy2
h Eargf:n|n5(h)+27_Hh h HHIW
= argmin(f(Kh) 4+ g(h))
h

for Z, H Hilbert spaces to be explained, f: Z — R,
g: H— Rconvex, K: H— Z abounded linear operator.
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Our proposed numerical method - space discretization

@ We have the optimization
1
n+1 : 7 _ RNy2
A" e arghmm E(h) + 27_Hh h HHIW
= argmin(f(Kh) 4+ g(h))
h

for Z, H Hilbert spaces to be explained, f: Z — R,

g: H— Rconvex, K: H— Z abounded linear operator.
@ Such schemes can be regularized and solved using a

primal-dual algorithm to solve inner and outer optimization

problems!! See (Laborde-Benamou-Carlier (2016),

Carrillo-Craig-Wang-Wei (2019)).
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Our proposed numerical method - space discretization

@ For our case, we are motivated by the work of
Jacobs-Léger-Li-Osher (2019).
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Our proposed numerical method - space discretization

@ For our case, we are motivated by the work of
Jacobs-Léger-Li-Osher (2019).

@ Gradient descent of smooth, convex function
F(u) = f(Ku) + g(u) with a unique min at u*.
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Our proposed numerical method - space discretization

@ For our case, we are motivated by the work of
Jacobs-Léger-Li-Osher (2019).

@ Gradient descent of smooth, convex function
F(u) = f(Ku) + g(u) with a unique min at u*.
@ Convergence rate:

lu* — woll3,

Flun) < F(u™) + 2Ly —
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Our proposed numerical method - space discretization

@ Nesterov:

RZ

(027 el FLD).

F(un) < F(u*) + 4Ly

Punchline: ||u* — up||x = +00 OK as long as

(F(u) = F(u?)) =0

min
lu—uoll% <R

as R — oo.
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Our proposed numerical method - space discretization

@ The primal-dual algorithm is thus:

. _ 1
Uns1 = argmin g(u) + (u, K Bl + 5-Ilu — unl,
ueH T

. 1
Py = arg max —f(p) + (Kupy1,p)z — 5 -1 — pnll%.
pEZ o

Pn = 2pn+1 — Pn-
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Our proposed numerical method - space discretization

@ The primal-dual algorithm is thus:

. _ 1
Uns1 = argmin g(u) + (u, K Bl + 5-Ilu — unl,
ueH T

) 1
Pri1 = argmax —*(p) + (Kupt1,P)z — 5—lp — pal .
pEZ 20

Pn = 2Pn+1 — Pn-

@ Cf. JLLO, Chambolle-Pock PDHG method, ...
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Our proposed numerical method - space discretization

@ For us, we get the following:
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Our proposed numerical method - space discretization

@ For us, we get the following:
@ Outer time iteration:

_ 1
AT = arg,:nln E(h) + Z”h — h"”ilﬁ.
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Our proposed numerical method - space discretization

@ For us, we get the following:
@ Outer time iteration:

.1
AT = in€(h) + ~—|lh—h"|2 ..
arg min e(h) + 5|l I
@ Inner time iteration applied using a PDHG algorithm

regularizing h with (1/2\)H" and ¢ with an (1/20)L2
regularizer ((c\) < 1):

i GAhnA + /)_1 <§AhnAh(m) — AV - ™ h") ,
A op(m+1) _ p(m)
S = (14 00F*) 7 (M + o VAV
where
(I+ 00F*) " (u(x)) = min{u(x), 1} sign(u(x)).
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What do we gain???

@ We do not invert the 1-Laplacian!

(D'D+2A1(-— )T = (;ADtDu + ).
T
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What do we gain???

@ We do not invert the 1-Laplacian!
t A i nyy—1 T APt n
(DD+;A (-—h") :(XADDquh).

@ Can choose A quite large!
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Theorem [CMLLW 2020]

@ Let d = 1. Suppose the PDHG algorithm is initialized with
h® = h" 4 =0, where £(h") < cc.

Then for all § > 0, there exist M, \, o such that

F(hM —F(h™1) < 6, YM > M, F(h) = S(h)+2l\|h—h”\\;2r1-
T hn
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@ Extends to general M(h) provided M(h"),1/M(h") € L
(Cancés-Gallouét-Todeschi (2019)).
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@ Extends to general M(h) provided M(h"),1/M(h") € L
(Cancés-Gallouét-Todeschi (2019)).

@ The restriction d = 1 is to apply a Sobolev embedding.
Different integrability on 1/M required to go to higher
dimensions.
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@ Extends to general M(h) provided M(h"),1/M(h") € L
(Cancés-Gallouét-Todeschi (2019)).

@ The restriction d = 1 is to apply a Sobolev embedding.
Different integrability on 1/M required to go to higher
dimensions.

e If VA" € BV, the estimates are quantitative:
M~62 A~6 1 0~0.
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@ Extends to general M(h) provided M(h"),1/M(h") € L
(Cancés-Gallouét-Todeschi (2019)).

@ The restriction d = 1 is to apply a Sobolev embedding.
Different integrability on 1/M required to go to higher
dimensions.

e If Vh" € BV, the estimates are quantitative:
M~522~610~06.

°

(F(h) — F(h"t) =0

min
lh"—hll%<R

as R — oo.
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Numerical Results: energy decrease

Sinuoidal Jump Discontinuities Facet
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Numerical Results: conve

= Spatial Grid Error] = Time Step Error
LNt Lt
3 Y

nce

x10°

4
102 10 20 30 4c 0 200 400 600 800
N,

Observations:

- Error vs Nx: slightly sublinear convergence (low spatial regularity)

- Error vs Nt: first order (semi-implicit Euler)

- Internal time steps vs Nt: importance of selecting correct Hilbert space

sinusoidal. (Nx = 200). (Nt = 10). o = 0.0005. A = 500. € =0.05. T = 104
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Basic questions remain unanswered:

@ Can we prove that the exponential PDE has a solution (in
some space) for other p values, especially p =17

@ Can we prove convergence of the microscopic model to the
PDE in our scaling regimes? See recent work of Katsevich!

© Can we establish finite time singularity formation in the 2nd
derivative in the case p = 27

© Full global strong solutions with g > 0? Convergence of
dynamics as g — 07

There are also lots of great questions about the qualitative
behavior that can be asked w.r.t. wetting and self-similarity.
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