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Phase-field model of grain boundary (2D case)

Situation:

In a time-interval (0, 00), a spatial domain Q C R?
is occupied by a polycrystal (e.g. Ceramics).
Target:

The movement of grain boundaries.

Mathematical model
Kobayashi-Warren-Carter (2000) Phisica D
(0,00) x Q

orientation order,

System of parabolic equations in @ :=

o n=n(tx)), (t x)eQT,:

n =1---oriented,
0<n<l,
n = - disoriented.
0 0= ), (t,z) € Q, : orientation angle.
. 7 cos 0
U= mean orientation in Q.
7 sin 0
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Phase-field model of grain boundary (2D case)

Situation:

In a time-interval (0, 00), a spatial domain Q C R?
is occupied by a polycrystal (e.g. Ceramics).
Target:

The movement of grain boundaries.
o

Mathematical model

Kobayashi-Warren-Carter (2000) Phisica D
System of parabolic equations in @ := (0, 00) X

e n=rn(tz), (t,z) € Qr, : orientation order,

n =1---oriented,
0<n<1,
= 0. . - disoriented.
@ 0=0(t,z), (t,x) € Q, : orientation angle.
. 1 cos 6 . L.
o U= . : mean orientation in Q.
7 sin 6
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Derivation of the 2D model

Gradient flow of the free-energy

(1,6) = F(,6) /IW\ dx+/G )dz + 2(n,0),

D(n,0) := / a(n)|VO|dx, : Interfacial energy
Q

D(F) = H'(Q) x BV(Q) N L*(Q).

@ a:R — (0,00) : given function (mobility). Structural observation for sol.
Kobayashi-Warren-Carter system: I n
Nt _ ) ’ Y }
- =VueZ(10.0) inQ. o
co(n)6s R ————
(B.C.) + (I1.C)
S — a
® ap:R— (0’ OO) © given function (mobility). [Kobayashi-Warren-Carter](2000)

2

n .
ao(n) = a(n) :== — +do, Vn€R, with § > 0. J _ 1. o2
2 Gn)=5m—-1)° VneR. J
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Free energy

1 2
0) ::5/0|Vn|2dm—|—/QG(n)dm—i—/Qa(n)|V0|dw+%/Q|V9|2dx€ [0, oc]. J

orientations, misorieatations in 3D (|V#|: the misorientation on a short scale)
@ Kobayashi-Warren (2005): dynamics of polycrystals, |V8| ~ |V P|, (P € SO(3))
@ Pusztai et.al. (2005): polycrystalline solidification, |VO| ~ |Vq|, (¢ € S* c R*)

Energy functional

[7,u] € L*(Q) x L2 (% RY) = F(n,u)

2
/|V17| dm+/G dx+/ (77)|Vu|dx+%/ |Vul® dz,
Q

if n€ H'(Q) and u € H(Q;RY),

+o00, otherwise.

Constrained L°-gradient flow @ u € SM!: constraint condition
ou OF @ 7y : RM — T,SM~1: orthogonal projection
ot €~ 67(17’“) M-1 M-1 M—1
@ T,S™ ™ ": tangent plane of S ™" at u e S™~

S% < (uniquely identification using the quaternion representation) — SO(3) J
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Problem

3D model (P) k>0

Om — An+g(n) + o/ ()|Vu| = 0in Q := (0,00) x ©,

Vn-nr =0 on X := (0,00) x 99,

n(0, ) = no(x), = € Q;

Ou — div (a(n)m + K Vu) = (a(n)|Vu| + £*|Vu/*)u in Q,
<a(n)|§—| + K Vu) nr =0on X%,

u(0,z) = ug(z), z € Q.

v

Q C RY: bounded domain Representation of projection
(1< NEeN)

I'i— 90 Lipschitz boundary —MQ@WM)(@m®=LaWWMM)

nr: unit normal vector on I i Yu -
=dv (an)=— | t«o uju.

e (ot ey ) +anivu

u(t,z) eSM ' (1< M eN) VweRY, mo(w)=w— (w-u)u
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X :=L*(Q) x L*(;RM), 0 := H'(Q) x H*(Q;RM)

Definition (solution)

A pair of functions U := [, u] € L,.([0,00); X) is called a solution to the system (P), if

U=[nu] € Wllof([O,oo);%) N LS. (0,00;20), 0<np<landuecSY ' ae inQ,

(@en(t) + g(n(t)) + & (@) IVU(t)], ©) 12 ) + (V0(), V) 126, = 0,
for any p € H'(), a.e. t >0, subject to 1(0) = 1o in L*(),

and there exist functions B € L>(Q; R™") and u € Li,. ([0, 00); L*(£2)), such that

B e Sgn™™ (Vu) in RMYN, 1 := (a(n)B+ k*Vu) : Vu, a.e. in Q,

/ Owu(t) - ¢ dx + / (a(n(t))B(t) + K*Vu(t)) : Vap do = / u(t)u(t) - de,
Q
for any ¢ € C'(;RM), a.e. t > 0, subject to u(0) = ug in L*(;RM),

M N
M,N Z]RMN _)2]R RMN

Here, Sgn is the subdifferential of the Euclidian norm in , s
the inner product for M x N matrices.
W
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Assumptions and Main Theorems

(A1) g € C*(R) is a fixed Lipschitz function with a potential 0 < G € C*(R), i.e.
G'(s) = L G(s) = g(s) on R, satisfying g(0) <0, g(1) > 0.

(A2) 0 < a € C*(R) is such that

» /(0)=0, o’ =0onRand«aand aa’ are Lipschitz continuous on R.
» o :=infa(R) > 0.

(A3) Uy := [no, uo) € L*°(Q) x L*(Q;R™) N2W is a fixed pair of initial data satisfying

0<m0 <1, wes” "' ae inQ

Summary of Main Theorems

(1) Existence of time-global solutions, invariance principle for u

(1) w-limit set is nonempty, any w-limit points [n°°, u®] are solutions to a stationary
problem of (P)

(111) For a small ug in some sense, solutions u become constant vectors in finite time.
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Global Existence of solutions, invariance principle

Main Theorem | (Moll-Shirakawa—W., submitted)

Let Up = [1o, uo] € W with 0 < mo < 1, up € S¥~* a.e. in Q. Then, the system (P)
admits at least one solution U = [, u] € L7,.([0, 00); X), such that

'
F(U(s)) +/0 0:U (t)||3dt < F(Up), forall T > 0. °

Also, concerning the function B € L>(Q; R”), it holds that

div(a(n)B + £°Vu) € L}, ([0,00); L' (2 RM)),
div(a(n)B + £°Vu) Au € Li,. ([0, 00); L (€2; A2 (RM)).

Moreover, if
3 po € SM! st o € By(po; R) with R € (0, g) :

then

u € By(po; R), a.e in€Q, forallte][0,00).

SM—I

@ By(po; R): the open ball on centered at po with radius R.
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Large time behavior |

El{t}nlc( I
[0(tn). u(tn)] = U

v
Main Theorem Il

The w-limit set w(U) is nonempty and compact in X, and moreover, any w-limit point
U™ = [n°°,u*] € w solves the following variational system:

w)={ U-lnaew| e e D

[7,4] in X, as n — oco.

(9(n>) + 0/(7700)|vuoo|790)H + (Vn™, Vg),, =0, forany ¢ € V;

/(oz(n‘x’)l%’Oo + K°Vu™) : Vopdo = / p>u® - ap dzx, for any o € C*(Q;RM),
Q Q

with B € L (Q;RMY) and u™ € L' (Q), fulfilling
{B°° € Sgn™ N (Vu™) in RMY,

a.e. in .
u® = (a(n)B= + £*Vu™) : Vu™,

F(U(s)) + /T 0:U (t)||3dt < F(Up), forall T > 0.

0
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Large time behavior Il

Main Theorem Il
In addition to the assumptions as in Main Theorem |, we assume that

I po € SM 1 sit. up € By(po; R), with 0 < R < %.

Then, it holds that, there exists T € [0, +00) such that

/ dist, (u(t, 2), pe(t))® dz — 0, as £ 1 T*,
Q

where p.(t) is the Barycenter of ju:= u(t)f£", i.e. the minimizer of

2

eSM 1y U, (p) = 1/ dist, (-, p)° /dlstg u(t,z),p)’dz.
sM—1

By(po; R): the open ball on S ~! centered at po with radius R.

disty(u(t, z), pe(t)): the geodesic distance on the sphere from u(t,z) to p.(t).
p = u(t)§L": the push-forward measure

p: any Radon measure on By (po, R) for R < %+ 31 pe(t): barycenter

[B. Afsari, Proc. Amer. Math. Soc., (2011)]
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Approximating problems

K
£,V,0

Approximating problems (P)

9in — An +g(n) + o/ (n)7-(Vu) =0, in Q,

Vn-nr =0on 3,

n(0,z) =mo(z), = €

dru — div(e(n)9v-(Vu) + £*Vutv|vVu|V " 'vVu) + ws(u) 3 0 in Q,
(a(n)07:(Vu) + k*Vu+v|yVu|N " 'vVu)nr 30 on X,

u(0,z) = uo(z), z € Q; (rup € WHYT(Q; RM))

(A5) Forany £ >0, 7. : RMY — [0, 00) is a continuous convex function, defined as

ve: W= [wﬁ] e RN 5 4 (W) = \/e2 + |[W]2 e R.

1<t<M
1<k<N
(A6) For any 6§ > 0, II5 € C*(R™) is the following function:
_ 1
T 46

We let s € CH(RM;RM) be the gradient of II;, i.e.:

I : w e RM s TI5(w) : (jw|> = 1)’ R.

1
ws:w e RM s ws(w) := VIIs(w) = g(|w|2 —-1l)we RM.
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Outline of Proof (1/2)

Ref: Barrett—Feng—Prohl

© Well-posedness of (P)Z, s5: theory of subdifferential, Mosco conv. (u..,s € RM)
@ Properties of approximating sol. (7c,u,5, Ue,1,5)

> Energy inequality ((.") (1st-eq) X Oine,v,s + (2nd-eq) - Oruc,u.s)

> jug| < lae in Q= |u.,s5|<lae inQ (ws=(1/0)(|w|> - 1)w)

() (2nd-eq) - uemox(uemsl), x(z) = E=

Q@i—~0
» Energy inequality, |u. 5| <1 = conv. of app. sol. (u., € S¥~1)
() Few,s(Uo) = Fer(Ug) =: C < 4o00. (" ug € §M-1 II5(uo) = 0)
» Vuc,s — Vue, in L{ (0, 00; Lq(Q;RMN)) for Vg € [1,2)

: Compactness theorem (ref. Chen—Hong—Hungerbiihler)

» Characterization of limit functions: wedge product, theory of multi-vector
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Outline of Proof (Main Theorem 1) (2/2)

@ Convergence of approximating sol. v — 0
» Range constraint in By(po; R) with R € (0, g)
: Invariance principle (ref. Giacomelli—Lasica—Moll [3])

» Others are the same as § — 0.

@ Convergence of approximating sol. £ — 0: same as v — 0

Theorem (Invariance principle)

Ipo € SM! st o € By(po; R) with R € (0, g) :

u € By(po; R), a.e. in€Q, forallte]0,00).

(") Proof by contradiction. (u = u.y)
AT :=inf{t €[0,T) ; u(t,) ¢ By(po; R)}
Due to the continuity of u,

36>0 st. u(t,Q) C By(po; g) for t € [0,T* +6).
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Invariance Principle (1/2)

p— (p";p%, ..., p®~2): a polar coordinate system centered at po on By(po; 3)

Eells-Sampson (1964)

ma(divz)' = divz' + Y T i(wul Z§, i =r,061,...,0m 2,
7.k, 2

for any Z € W (; RM™) such that Z € Tu(S™ ™).

We take

Z = a(n..) [Vf](Vu.,) + °Vue , + vvVu, |V 'vVu.,.

The Christoffel symbols of the 2nd kind for 7:

0 0 0 0
. 01 0 0
rr— _sin(2r) o 0 sin? (61) 0
2 . .
Do : " 0
0 0 0 oo sin®(01) - ... - sin®(Oa—3)
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Invariance Principle (2/2)

u = divzr — S ( alm |2y VN“VUIN_1> x

2 Ve2 + |Vu|?
(|Vu91| + Z sin” (u’") -...-sinz(ugi)|Vu9"+1|2>

i=1

< divZ'. ( u" € [0, g])

di/ /Quf(ur —R)y < /Qdinr(uT - R)+
-,

Thus,

N =

s Vau"
ﬁ{ur>R}

r 06(77) 2 N+1 N-1
- [Vu'|? | ———— 4 k% + vV V) <o.
/Qm{uT>R} Ve? + |Vul?
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Outline of proof (Main Theorem II)
Tools: the method for 2D-model + wedge product

Uy = u(sn + ), Mn :=n(s$n + ), Sn = 00 (N — 00)
@ Convergence of solutions (n — oo): definitions of sol., energy ineq.
u, = u™ in C([0,1]; L*(Q)) and weakly in L>°(0, 1; H*(Q;RM))
>
da, — 0 in L*(0,1; L2 (Q; RM))
N — 1™ in C([0,1]; L*(R)) and weakly in L°(0,1; H'(Q))
>
O — 0 in L*(0,1; L*(Q))
@ Convergence of Vu
» Vu, — Vu®™ strongly in L'(0,1; L' (Q;RM))
© Characterization of limit functions: wedge product (Au,)
Ay, — div(a(nn)Bn + k2Vuy) = (tn — £ - up)u, + £,.
I
—div(a(n™)B>® + £°Vu™) — ((a(n™)B>® + £°Vu™) : Vu™)u™
= —(f* -u™)u™ + £~
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Outline of proof (Main Theorem 1)

Ref: Giacomelli-Lasica—Moll

© Range constraint for solutions:
ug € By(po,R) (R€(0,%)) = u(t) € By(pc(t),2R), a.e. in Q
@ Geometric representation of equation:

(u,u’, ..., u’-2): polar coordinates centered at p.(t)

” M-3
. ” 3in 2u” ) )
uy =divZ" — a(n) 51n2 “ <391 -Vt 4 E sin®(u’) - ... - sin®(uf) B Vue‘“)

i=1

281112“ 0 ~ .20 2, 0, 0412
|V’ ? +Zsm ) ooesint(uwh) [V i

. ’ M-3
<divZ" — a*% <691 SVt 4 Z sin®(u) - ... - sin®(u’)B%+t . Vu 1“) .
i=1

e Z" :=a(n)B +r’Vu"
) M3
o BY .= p" . vu + Z sin®(u?) - ... - sin®(u%) Bt L vy it
i=1
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Outline of proof (Main Theorem Hl) Te. 5"
© Computation for W,y (pe(t)) 7/
(W 0

[
o
G

a
dt

L\DH—A

W 51112(2u )BQ)

A/\ Q

uy < divZd"” — o* Sln(22u )Bg J

I/\

-Vu" + cosu” sm( )B)

—a’ cos

IN

—~

QR)/Q (BT.VU + sin (uT)Be) ) e T, ae 1 J

=—a" cos(QR)/ |Dul,
Q
< _C(a",R,N,Q)

Ly = llogy,

/|Dlogp u|
N-2 « N-1
< —(2R) ¥ C(a”, R, N, )V (Pe())

o 1Dl

Hence, < C(R,N,Q)
C~1t
N L ([Host, (2017), Cor. 5.6.1])

2~

WWﬂWUDS(%me@D
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Remark and Future works

on — An+g(n) + ' (n)|[Vu| =0 in Q := (0,00) x Q,

Opu — div (a(n)ﬁ + K Vu) = (a(n)|Vu| + H2|Vu|2)u in Q,

Vn-nr =0, (a( )%—i—n Vu> nr = 0 on (0,00) X 992,

o If M =2, (P) is equivalent to 2D model (without time mobility)
() u = (u1,u2)" = (cosf,sin@)" (ref. Giacomelli-Mazén-Moll (2013)).

@ If M = 4, comparison with other models (ex. Kobayashi-Warren) is open.

Related results
© Time mobility: ag(n)d:u
(3 sol., Main Theorem II: OK)

@ The invariance principle and Main
Theorem |1l only hold for 2-D models
with constant time mobility.

Future works

@ Uniqueness of sol.:
ref. Giacomelli—Lasica—Moll [3]

@ Time discritization:
under consideration

© ~ — 0: challenging problem
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