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Idea

Develop unified methodology
within applied and numerical analysis suitable for the
simulation of complex interface and free boundary motion

® Functional analytic framework for abstract PDEs

® Time dependent function spaces

® Link domain evolution to evolution equation on domains

® Approximate time dependent space by evolving finite element spaces

® Evolving bulk and surface domains approximated by fitted triangulated domains
® Avoid unfitted finite elements and level set equations

® In this talk focus on evolving surfaces
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Evolving compact hypersurfaces

For each ¢ € [0, 7], let I'(r) C R"*! be a compact (i.e., bounded and no boundary)
n-dimensional hypersurface of class C2, and assume the existence of a flow
@: [0,T] x R™ — R+ such that for all ¢ € [0,T], with Ty := I['(0), the map
@) :=d(t,-): Ty — I(¢) is a C?-diffeomorphism that satisfies
S0 =w(r,80())
dt t b § (1)
() = 1d(.)

We think of the map w: [0, 7] x R™1 — R"*1 as a velocity field, and we assume that it is
sufficiently smooth and in particular in C2. A normal vector field on the hypersurfaces is
denoted by v: [0,T] x R™+! — R*1,

The normal velocity is Wy = wy - VV.

A bulk domain Q(¢) with boundary I'(¢) may be viewed as sub manifold in R"*2,



Parameterised evolving surfaces

Associated with the map <I>9 is a parameterisation .
Let I'(f) C R3 be a closed surface parametrised by X over an initial surface I"°:

r(e)={X(p,t): per’}.

Surface velocity w satisfies

8,X(p,l) - W(X(p>l)7t)‘
The canonical parameterisation would be the normal flow for which the velocity field is in the
normal direction.



Material derivative

Normal time derivative Suppose that the velocity field associated to the evolving hypersurface
{I'(¢)} is w = wy + wr where wy is the normal velocity field and w; is a tangential velocity
field. In this case, the formula

0°u=u+Vu-wy

defines the normal time derivative 0°u.
For our purposes the material derivative is associated with the parameterisation of the
hypersurface and depends on the tangential velocity.

0°u=0+w;-Vru
A physical material derivative would be
=0+ (Ve —we¢)-Vru

where v is a tangential physical material velocity.

Choosing w¢ for some purpose of computation or analysis may be appropriate. In numerical
methods this is called the Arbitrary Lagrangian Eulerian (ALE) approach where it is employed
to yield good meshes.



Differential operators on I”

Outward normal vector: v
e Tangential gradient: Vp u==Vi— (Va-v)v:I —R3

® [aplace—Beltrami operator: Aru = Vp-Vru

extended Weingarten map (3 x 3 symmetric matrix)

Alx) = Vrv(x)

mean curvature H=1t(A) =x+ K,

2 2 _ .2 .2
and  |A]" = [|AllF = ki + K5



We will write PDEs in a way that is independent of the parametrisation of the domains

i.e. point wise in space time on the evolving domains.

Using a version of Reynolds transport formula for evolving domains we may derive PDEs on
evolving domains via

® Balance laws
® Gradient flow

® Variational



Advection-diffusion on an evolving surface

Let I'(¢) be a time (r) dependent n—dimensional hypersurface in R"**+1,

9°u+Vr-(%ru) —Vr- (ArVu) +6ru=0 onI'(z)

u(-,0) =ug on T :=T(0)

Ar is a smooth diffusion tensor which maps the tangent space of I" into itself,

Hr is a tangential vector field,

%1 is a smooth scalar field.

d°u denotes the normal time derivative

i.e. the time derivative of a function along a trajectory on I'(¢) X  moving in the direction
normal to I'(z).



Advection-diffusion on an evolving bulk-surface domain

Let [(f) = dQ(t)where Q(¢) is a time dependent bulk domain in R"*1,

u + V- (Bou)—V-(AgVu) +Gou =0 on Q(r)
(AgVu—HBgu)-v+au—pfv=0 on I'(1)
u(-,0) =g on Qg :=Q(0)
0°V+Vr - (Brv) — Vr(Arv) + érv+ (AgVu— Bou) =0 on (1)
v(-,0) =vp onTy:=1(0)

where o and 3 are positive constants.



Surface Navier-Stokes equations

Let I'(r) be a time (r) dependent 2—dimensional hypersurface in R3.
Seek a triple (u, py, p2) to the problem:

u-vr=Vr, (p2) on Urer {t} x ()
0°u+u-Vru+Vrpy +2uoVr-E(u) = —pav+f on Uper {1} xT'(¢)
Vr-u=0 (p1) on Uer {t} xT'(¢)
\% vrv)T
Er(v) = w“

Note: two Lagrange multipliers, (py, p2).



Combining surface evolution with surface processes

Geometric gradient flow

Concentration dependent energy

E(T,u) = /r Gu),

The (L?,H~")-gradient flow of £ yields the coupled geometric flow:

v=—g(wHvr=Vvr,
0°u+uVH = ArG (u),

with g(u) = G(u) —uG' (u).



Evolving Bochner spaces

Definition (Bochner-type spaces)

Define the spaces
Ly = {u:[0,7) = | X(0) x {t},1 = (@(t),1) | _(ya(-) € L*(0,T:Xo)}
1€[0,T]
Ly ={f:10,T) = J X*(0) x {t},0 = (F(1),1) | 9, F() € L*(0, T3 X5)}-

t€[0,T]

More precisely, these spaces consist of equivalence classes of functions agreeing almost
everywhere in [0,T], just like ordinary Bochner spaces.

For u € L%, we will make an abuse of notation and identify u(t) = (i(t),) with @(t) (and
likewise for f € L%.).

Theorem

The spaces L)z( and L)zf* are Hilbert spaces with the inner products

T
(w,v)pg = [ ((t),v(®))x () dt
’ /0 )

T
(1803, = || F@.80)xe( .



Abstract strong and weak material derivatives

Definition (Strong material derivative)

For & € C}( define the strong material derivative f;‘ S Cg, by

80 =0 ( 50-20)).

® We see that the space C}( is the space of functions with a strong material derivative,

justifying the notation.
o

Definition (Weak material derivative)

Foru e L%;, if there exists a function g € L%,* such that

T T . T )
| 60000 == [ @@ 00000 = [ Aeu0,n0)

holds for all n € Dyy(0,T), then we say that g is the weak material derivative of u, and we write
i=gord®u=g.

The form A is identified using the push forward map. This concept of a weak material derivative
is indeed well-defined: if it exists, it is unique, and every strong material derivative is also a
weak material derivative.



Transport theorem/Integration by parts

Theorem (Transport theorem and formula of partial integration)

For all u, v e W(V,V*), the map
£ (u(t),v(0) ()

is absolutely continuous on [0,T] and

27 W0, v(@0))3) = (9°u(e), (1)) y- () +(0v(1), u®))y-(1).v()
+A(t;u(t),v(t))

for almost every t € [0,T]. For all u, v € W(V,V*), the following formula of partial integration

holds

(u(T),v(T ))H(T)_( u(0),v(0)) 3,
*/ (9%u(t),v(t))y-(yv(e) +(9°v(®), u(t))ve(ryv )
+A(t;u(t),v(z)) dr.



Model abstract problem

Abstract problem
Find u(t) € V(¢)

u(0) = ug € V(0)
u+ Aty u=f €V ()
written in a variational form as
(D% u )y vy Taltsusv) = (fiv) e, v0)
u(0) = ug
with associated (arbitrary) family of Hilbert triples

V(1) CH(r) CV*(¢r), 1 €]0,T)

parametrised by ¢ € [0,T].



Model abstract problem: Saddle point problem

Fort € Ry let Y(¢) and X (¢) be, respectively, given families of evolving Hilbert and Banach
spaces. We denote the dual X (r) as X*(r) and assume we have the Gelfand triple structure:

X(r) CY(r) CX*(2).

where we refer to Y (¢) as the pivot space. Let Z(r) be an evolving Banach family. We are
concerned with the linear saddle-point problem:
9°u(t) +A(u(t) +B*(1)p(1) = f(1) € X" (1),
B(t)u(r) =g(1)  €Z(0),
u(0) =up € Y(0).

with d°u denoting the material derivative and we seek a pair of solutions (u, p).



Analysis Based Computation

ABC Methodology

® Construct finite dimensional spaces as analogues of the continuous spaces
® Approximation theory

® Construct discrete analogues of bilinear forms in variational setting

® Well posedness of discrete problem

® Perturbation bounds for bilinear forms

® Error analysis via well posedness of continous problem and consistency



PDE and Finite Element setting

PDE analysis

® Domain and function spaces

PDE: Initial value problem
® Bilinear forms and transport formulae
® Variational formulation
® Verify assumptions
Numerical analysis
® Evolving bulk finite element spaces
e Lifted bulk finite element spaces
® Evolving surface finite element spaces
e Lifted surface finite element spaces

® Discrete material derivatives and transport formulae

All these require precise definitions.



Tasks for realisation of abstract theory

Define

® Evolving finite element

® Evolving triangulation

® Evolving finite element space
Establish

® Approximation properties

® Lifted evolving spaces
Realise

® Q(r) and T, (¢) by interpolation, for example.
Evolving nodes on initial triangulations by velocity field

* Splt)
Establish
® Discrete bilinear forms
® Approximation estimates

® Ritz projection and for material derivative



Surface finite elements

Figure: Examples of different surface finite elements in the case n = 2. Left shows a reference finite element
(in green), centre shows an affine finite element and right shows an isoparametric surface finite element with
a quadratic Fx. The plot shows the element domains in red and the location of nodes in blue.



Evolving isoparametric surface finite element

Figure: Examples of construction of an isoparametric evolving surface finite element for k = 3. The
Lagrange nodes a;(#) follow the dashed black trajectories from the initial element Ky C I’ to a element
K(t) c rh([)~



Model abstract lifted discrete problem

Abstract lifted problem
Find u},(r) € Vi (1)
ht
13,(0) = u5" € V;(0)

o/
Iy uj, + Ay (O, = fr

written in a variational form as
Lol O, _ /gl 0
(9 s Vv (1), v () F an(tuns V) = (s VIve 0,00, 7V € V(1)

e
“fz 0)= U

Vi) C V()



The relationships between evolving function spaces

® 7{(t) pivot space

® V() solution spaces

® Zy(t) regularity space for dual problem

® Z(¢) higher regularity space for solution with specific data

H(t) +—— V(t) +—— Zp(t) «— Z(1)

U

(1)

9]

0
h

Si(t)
N
Hy(t) «—— Vi)

C denotes subspace inclusion
— denotes continuous embedding
> denotes that the lift is a bijection between these spaces.



Discrete material derivative

® Since Sy (7) is a closed subspace of V,(¢) it is a Hilbert space and forms a compatible pair
(Sh(®), 8|10 )rci0,1-

® Well defined spaces Lzsh and C}S,l and the material derivative dj x;, is well defined for
xn €CS, -

® Defines the spaces L%_[/I,L%)h and C;-Lh , C]')h. For n, € C‘l’-t;,’ we denote by dj 1, the (strong)
material derivative ) with respect to the push-forward map ¢,h defined by

. d
Iy = ¢zh(a¢ﬁmh)-



Basis functions and transport property

Let {xi(-,0)}Y, be a basis of S, ¢ and push-forward to construct a time dependent basis
{xi(1)}I ) of Sy(r) by
Xi('>t) = ¢th(Xl(70))

It follows that
Ixi=0

so that for a decomposition

%) xi(t) for all y; € Sp(t),

=

An(t) =

i=1

we compute that
N

o xXn = Z Yi()xi (1) for all y, € C}gh.
i=1



Another discrete material derivative approipriate for analysis

d;n denotes the material derivative for the push-forward map (i)f.

R d
N = ¢’la(¢£m) foralln e C(I%W)-

This is a different material derivative to the material derivative defined with respect to the

push-forward map (/‘),h.
Important observation of Dziuk and Elliott, the following commutation result holds:

35(’7;{) = (8127111)6 for all ny, € C%{h.

Indeed:
l 14
o nf) = of 3 (6", (1)) = (¢ﬁ((;’t<¢h,nh>‘*>“f)> - (@h(jtw,nh))) = @)’

since the lift at time 7 = 0 and time derivative commute and (-)¢ and ()¢ are inverses.

Lemma

M € Cyy, if, and only if, 0, € C(IH, oty and My € Cy,, if, and only if, 0, € C(1v7 4



Weak and variational formulation of the advection diffusion equation

For every @(-,1) € H'(['(r))
Weak form

/ 3'u(p—|—/ u(er-v+/ Vru-Vre =0
(1) (1) ()

Variational form

d
= Vru-Vre = 0°
dt /F(z) upt /r(z) ru-vre /r(:) e

Abstract variational form

5 @) +alu, @) =m(u,0%@).



ESFEM

Finite element method

dt
Evolving mass matrix
M(r) 'k:/ XiXks
! L(r) !

Evo]ving stiffness matrix
S(1); —_/ Vr, %V, X
()]k Tae) yAj YTy Lks

Uh = ZIJV:I Otj)(j, o= (061,...,0!1\/)
Algebraic form
d

dt
which does not explicitly involve the velocity of the surface.

M(t)a) +S(t)a =0,

E(Uth’h)h +ap(Up, $n) = (Up. O 0n)n,  Un(-,0) = Up.

3

C)



Error analysis: Not quite accurate but near!!

£(6.0) —h+a,(6,0) = Fy (6).

Theorem

Let u be a sufficiently smooth solution satisfying

| =
&.‘a_‘

sup s+ 190t <=
t€(0,T)
and let ufl(,t) = U;l(«,t),t € [0,T] be the spatially discrete solution with initial data upy = U}Ilo

satisfying
[[u(-,0) = tholl2(ro)) < ch**.

Then the error estimate

sup u(-,) = ()| 2 ) < e
1€(0,T)

holds for a constant c independent of h.



Outlook

Extensions

Nonlinear equations
Evolving Surface Navier-Stokes Cahn-Hilliard system

Moving boundaries on moving boundaries
Stefan problems, Geometric Curve Motion on evolving surfaces

Coupling of bulk surface problems in prescribed evolving domains
Advection diffusion on bulk and interface domains

Coupling PDE equations to flow of function spaces
MCEF and diffusion, Flows in moving domains

Flow maps ¢ allowing good discrete flows

Harmonic map heat flow, De Turck trick, BGN approach

Viscosity Solutions PDEs on prescribed evolving surfaces
Hamilton-Jacobi



