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Introduction
Main�topic:�Analysis�on�motion�of�hyper-surface

generating�contact�angles�on�a�“barrier”�hyper-surface�
moving�surface

barrier�surface

• �

• �(Example�of)�physical�backgrounds:
(i)��Interface�dynamics
(ii)��Capillary�problem ✓

<latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit> ✓
<latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit>

Ex�of�(i): (Mean)�curvature�flow�:• �
(introduced�to�describe�the�motion�of�grain�boundary

in�annealing�by�Mullins�ʼ57)

<latexit sha1_base64="oCn7zb6DtYNwpCLA/Cw5vzg6sHk="></latexit>

V =  on �(t)

<latexit sha1_base64="lcOklN1h4ym0FMnE9jCm/0n4FOY="></latexit>

�(0) <latexit sha1_base64="WrB8L2OaXpOTB7y7dSyh4RFSPPI="></latexit>

~ <latexit sha1_base64="kRP1yv9rAvDwg4fS0fwD/TIToWQ="></latexit>

V : normal velocity
<latexit sha1_base64="hvy7VGp/kppt5/Nw5+HpCITPSCQ="></latexit>

 : curvature
<latexit sha1_base64="tkAwuydOJrS01Sy1ET3r850RPvM="></latexit>

n = 1 : dimension of curve (surface)

(Effect�of�surface�tension)
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✓
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<latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit>

Ex�of�(i): (Mean)�curvature�flow�:• �

in�annealing�by�Mullins�ʼ57)

<latexit sha1_base64="oCn7zb6DtYNwpCLA/Cw5vzg6sHk="></latexit>

V =  on �(t)

<latexit sha1_base64="lcOklN1h4ym0FMnE9jCm/0n4FOY="></latexit>

�(0) <latexit sha1_base64="WrB8L2OaXpOTB7y7dSyh4RFSPPI="></latexit>

~ <latexit sha1_base64="rSI3PsnKD1EoIAOyT7ckTkG2c7c="></latexit>

�(t1) <latexit sha1_base64="6RciJrX3INavXyvaomkL+ySW1JY="></latexit>

T < 1

Gage-Hamilton�ʼ86
Grayson�ʼ87

(Example�of)�physical�backgrounds:

(introduced�to�describe�the�motion�of�grain�boundary

(Effect�of�surface�tension)
(ii)��Capillary�problem
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✓
<latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit> ✓

<latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit>

Ex�of�(i): (Mean)�curvature�flow�:• � <latexit sha1_base64="oCn7zb6DtYNwpCLA/Cw5vzg6sHk="></latexit>

V =  on �(t)

• �Curve�(surface)�diffusion�:
<latexit sha1_base64="sIA7kZYpjEStbsRO9pBgIuZArMo="></latexit>

V = �@2
s on �(t)

<latexit sha1_base64="jlbLxXhftpyzx7VO/thVV5Sq2tA="></latexit>

(s : arclength)

• �Anisotropic�(mean)�curvature�flow�:
<latexit sha1_base64="EXLqvAD/BHh2yOzTDxcIaoxPf2Q="></latexit>

V = � on �(t)
<latexit sha1_base64="2T7gdcN3sgvhAhC6tpTgU397T64="></latexit>

(� : surface energy density depending on normal velocity ~⌫)

(Example�of)�physical�backgrounds:

(Effect�of�surface�tension)
(ii)��Capillary�problem
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<latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit> ✓

<latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit>

Movies�for�(ii):
from�“表⾯張⼒の物理学”�by�de�Gennes�etc.

(Example�of)�physical�backgrounds:

(Effect�of�surface�tension)
(ii)��Capillary�problem
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moving�surface

barrier�surface

• �

• �
(i)��Interface�dynamics

✓
<latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit> ✓

<latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit><latexit sha1_base64="5nw08EjBQ8NbhXKPx01irqqcE8w="></latexit>

(Example�of)�physical�backgrounds:

(Effect�of�surface�tension)
(ii)��Capillary�problem

Motivation:
Can�we�describe�the�driving�force�effect�• �

due�to�surface�tension�in�mathematical�model?
• �Can�we�find�new�structure�or�behavior�in

some�“imaginary”�or�“limiting”�situations?
(We�will�discuss�tangentially�contact�case)



Introduction

Mean�curvature�flow
Huisken�ʼ89

<latexit sha1_base64="vnGZoUO1oswZ92h8kj34wi6+v8Y="></latexit>

(n � 2, ✓ = ⇡
2 )

:�bounded�domain<latexit sha1_base64="9A5ynMQW+njAl65+IrLUF0Y0b1M="></latexit>

⌦ ⇢ Rn

<latexit sha1_base64="zpcQDXdvx/a2rpTwQajr5Czvovg="></latexit>

u : ⌦⇥ [0,1) ! R
‣ �
‣ �

:�unknown�function�for

<latexit sha1_base64="dVT7xg2RP+z/UlDkKGwgzKFzv2o="></latexit>

�(t) = graphu(·, t)
• �
Known�results�for�capillary�model

<latexit sha1_base64="hPLo/bt8fDHJaTVeZvSJ7PGlbXA="></latexit>(
graphu(·, t) moves by MCF

graphu(·, t) ? @⌦⇥ R

✦ �Energy�structure:�surface�area�decreases
✦ �Maximum�principle:

<latexit sha1_base64="bO0bAjwgwQgkFnmhrNf4g+yi73g="></latexit>

sup
x2⌦

|u(x, t)|  sup
x2⌦

|u(x, 0)|
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<latexit sha1_base64="bO0bAjwgwQgkFnmhrNf4g+yi73g="></latexit>

sup
x2⌦

|u(x, t)|  sup
x2⌦

|u(x, 0)|

Results: :�global-in-time�smooth�sol.
and�it�converges�to�constant�as

<latexit sha1_base64="PnUepa72x95jUiHyayLaU5B7EKU="></latexit>

u(·, 0) 2 C2,↵ ) 9!u
<latexit sha1_base64="VIM4DbirD5W7ITex7rYs0GU4PPs="></latexit>

t ! 1



Introduction
Capillary�rise�model�(curvature�flow�type���������)• �

<latexit sha1_base64="HpxqRq6XmpC9vIvQ3D85HRwMyxw="></latexit>

�b
<latexit sha1_base64="8FsXvbM6rfAF1SyX+lQQXiQF4CI="></latexit>

b

<latexit sha1_base64="0SFDjwQxmMKyA0kOUMDs4GAyl24="></latexit>

✓+

<latexit sha1_base64="aPEH41oHx2r1eSrTkyYICb/4RX4="></latexit>

✓�

<latexit sha1_base64="/Bnn/a68fUmr1LA1/KpuumgD/Hg="></latexit>

(I = (�b, b) : interval, g 2 C1(R; (0,1)), ✓± 2 (0,⇡) : constants)

<latexit sha1_base64="f0qttqHko11w53Q4+ClfkKI7n3c="></latexit>

y = u(·, t)

✦ �Energy�structure:

<latexit sha1_base64="0KtLgb28y6QrtlqYOe2Uhv3UDr4="></latexit>

n = 1

<latexit sha1_base64="yrW8CVOc/Y52B0cEVQ5ZLVQxbXc="></latexit>

+u(b, t) cos ✓+ + u(�b, t) cos ✓�
decreases

<latexit sha1_base64="EDBOGiACe/NU+ZSN06OSw1TyJr8=">AAADSHichVFNa9RAGH6T+lHjR1e9CF4Gl5YsbpfZUlSUStGLe+uH2xY6NSTpZDs0mYRksmQN+QP+AQ+eFETEn+FFvHvo2ZN4KbRQBA++yUZF68fkY5555n2eed93nMgXiaJ0T9MnTpw8dXryjHH23PkLU42Ll9aSMI1d3ndDP4w3HDvhvpC8r4Ty+UYUcztwfL7u7N4v99eHPE5EKB+qUcS3AnsghSdcWyFlNT4yhw+EzF30SA ojtRRZIMyLbTdPrTzLiiLvXk+t7NFcQWYIUzxTuZAFYXfKt4eMCHhCTNpmQnpq1CKMoUtmsiggTpuoVumHmClbEnPszCJR5Gg4i+wOV7aFAa0f9l4Yf/dXd2nlZ2Zt2lpILWpmf4zLCJ5OWIiVlo3Ie4XBuNyuq7IaTdqh1SDHQbcGTajHUth4BQy2IQQXUgiAgwSF2AcbEnw2oQsUIuS2IEcuRiSqfQ4FGKhNMYpjhI3sLv4HuNqsWYnr0jOp1C6e4uMXo5LANP1AX9MD+o6+oZ/o17965ZVHmcsIZ2es5ZE19eTK6tF/VQHOCnZ+qv6ZswIPblW5Csw9qpiyCnesHz5+erB6e2U6n6Ev6GfM/zndo2+xAjk8dF8u85VnYOAFdH9v93GwNtfp3ujML883F+/VVzEJV+EamNjvm7AID2AJ+uBqPS3UMm2kv9f39SP9yzhU12rNZfhlTOjfAKFG2Qs=</latexit>8
><

>:

ut =
uxx
1+u2

x
in I ⇥ (0,1)

ux(±b, t) = ± tan(⇡2 � ✓±) for t > 0

u(x, 0) = u0(x) for x 2 I

<latexit sha1_base64="8RKBCu7OeEzhZRk0DZXk9HKqOIY="></latexit>

E(u(·, t)) :=
R p

1 + u2
x dx

<latexit sha1_base64="wjeUnD5drYLWo4WZhE+qpN2KPXc="></latexit>

u:fix )

<latexit sha1_base64="YGMGMB2j/gxt4TFWAnwnLbWbvnA="></latexit>

d

dh
E(u+ h) = cos ✓+ + cos ✓�

8
><

>:

< 0, ✓+ + ✓� < ⇡

= 0, ✓+ + ✓� = ⇡

> 0, ✓+ + ✓� > ⇡



Introduction
Capillary�rise�model• �

<latexit sha1_base64="LK8MXsTshexlPgYSeI/yd9KJ5RA="></latexit>8
><

>:

ut = g(ux)uxx in I ⇥ (0,1)

ux(±b, t) = ± tan(⇡2 � ✓±) for t > 0,

u(x, 0) = u0(x) for x 2 I

<latexit sha1_base64="HpxqRq6XmpC9vIvQ3D85HRwMyxw="></latexit>

�b
<latexit sha1_base64="8FsXvbM6rfAF1SyX+lQQXiQF4CI="></latexit>

b

<latexit sha1_base64="0SFDjwQxmMKyA0kOUMDs4GAyl24="></latexit>

✓+

<latexit sha1_base64="aPEH41oHx2r1eSrTkyYICb/4RX4="></latexit>

✓�

<latexit sha1_base64="/Bnn/a68fUmr1LA1/KpuumgD/Hg="></latexit>

(I = (�b, b) : interval, g 2 C1(R; (0,1)), ✓± 2 (0,⇡) : constants)

<latexit sha1_base64="q5LgIOHfP5D7FOD81hSLPIPtJlM="></latexit>

(n = 1)

Typical�examples�of�differential�equation
• �Graph�of����is�a�solution�to<latexit sha1_base64="nrMbqScIthPJbRArigSr0Txqr+Y="></latexit>u

<latexit sha1_base64="zu3lUkLY1OFH4M5HOr/El9CemFg="></latexit>

V = 
<latexit sha1_base64="mV3AcmDofWuRaTBI6KqXE41IMvg="></latexit>

) ut =
uxx
1+u2

x

• �Graph�of����is�a�solution�to<latexit sha1_base64="nrMbqScIthPJbRArigSr0Txqr+Y="></latexit>u
<latexit sha1_base64="GZaIzmWO6K8xgFGlBQ7bka8bYZI="></latexit>

V = �

<latexit sha1_base64="tUFB7Ou9SXvFhJ+H3xR0WAZ0aYA="></latexit>

(g(s) = 1
1+s2 )

• �Heat�equation�(which�is�not�geometric�flow)
<latexit sha1_base64="mY6XKTSAQWqFavxoRKUPXffFqQ8="></latexit>ut = uxx

<latexit sha1_base64="L7IfAmjOeZrHu8zqU9cBKsGQD2M="></latexit>

(g(s) = 1)

<latexit sha1_base64="7l1wW7BMh7P3sp7IRcHitNdKDAA="></latexit>

) ut =
⇣
�̃p1p1((�ux, 1)

T )
p

1 + u2
x

⌘
uxx

<latexit sha1_base64="ccBQyTgcPJpAbD+GblhI6GnCkJ8="></latexit>

�̃ : R2 ! R
<latexit sha1_base64="TsXxWDn4dUgkHPg1mGx0MxbSRwE="></latexit>

�̃(�~⌫) := ��(~⌫)

<latexit sha1_base64="f0qttqHko11w53Q4+ClfkKI7n3c="></latexit>

y = u(·, t)
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<latexit sha1_base64="LK8MXsTshexlPgYSeI/yd9KJ5RA="></latexit>8
><

>:

ut = g(ux)uxx in I ⇥ (0,1)

ux(±b, t) = ± tan(⇡2 � ✓±) for t > 0,

u(x, 0) = u0(x) for x 2 I

<latexit sha1_base64="HpxqRq6XmpC9vIvQ3D85HRwMyxw="></latexit>

�b
<latexit sha1_base64="8FsXvbM6rfAF1SyX+lQQXiQF4CI="></latexit>

b

<latexit sha1_base64="0SFDjwQxmMKyA0kOUMDs4GAyl24="></latexit>

✓+

<latexit sha1_base64="aPEH41oHx2r1eSrTkyYICb/4RX4="></latexit>

✓�Altschuler-Wu�ʼ93:

<latexit sha1_base64="u1XmpeDeUjJpaEuncMORJPsC61E="></latexit>

v(x, t) = w(x) + ct

• �
global-in-time�(unique)�smooth�sol.

• � ,�it�converges�exponentially�fast
to�a�traveling�wave�solution with

<latexit sha1_base64="ICdQEWZ0RUjn7zYq+/6/Fg4qpBg="></latexit>

t ! 1As

<latexit sha1_base64="/Bnn/a68fUmr1LA1/KpuumgD/Hg="></latexit>

(I = (�b, b) : interval, g 2 C1(R; (0,1)), ✓± 2 (0,⇡) : constants)

<latexit sha1_base64="/FzQZXdYxix+nHkc0Gpbcb8lVE0="></latexit>

u0 2 C1(I) )
<latexit sha1_base64="55ythEedhbOIkhVWyEd+Z/GQiyk="></latexit>

9u :

<latexit sha1_base64="q5LgIOHfP5D7FOD81hSLPIPtJlM="></latexit>

(n = 1)

<latexit sha1_base64="f0qttqHko11w53Q4+ClfkKI7n3c="></latexit>

y = u(·, t)

<latexit sha1_base64="IMLmZP9b1+ZQDiRbJmpIfM/69fg="></latexit>

✓+ + ✓�

8
<

:

< ⇡
= ⇡
> ⇡

9
=

; () c : constant

8
<

:

> 0
= 0
< 0

9
=

;
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<latexit sha1_base64="LK8MXsTshexlPgYSeI/yd9KJ5RA="></latexit>8
><

>:

ut = g(ux)uxx in I ⇥ (0,1)

ux(±b, t) = ± tan(⇡2 � ✓±) for t > 0,

u(x, 0) = u0(x) for x 2 I
<latexit sha1_base64="0SFDjwQxmMKyA0kOUMDs4GAyl24="></latexit>

✓+

<latexit sha1_base64="aPEH41oHx2r1eSrTkyYICb/4RX4="></latexit>

✓�

<latexit sha1_base64="/Bnn/a68fUmr1LA1/KpuumgD/Hg="></latexit>

(I = (�b, b) : interval, g 2 C1(R; (0,1)), ✓± 2 (0,⇡) : constants)

<latexit sha1_base64="q5LgIOHfP5D7FOD81hSLPIPtJlM="></latexit>

(n = 1)

Generalizations�(asymptotic�analysis)
• �General�dimensions�and�equations

• �Periodic�angle�conditions�(equation�is�also�generalized)
<latexit sha1_base64="jQcmljVzrXNuW/Ubcj7xWtRPVTY="></latexit>

(n = 1, ✓±(t, u) 2 (0,⇡) : ✓±(t+ T, u) = ✓±(t, u))

Brunovský-Poláčik�ʼ92:�convergence�to�periodic�sol.
Cai-Lou�ʼ11:�convergence�to�periodic�traveling�wave

<latexit sha1_base64="f0qttqHko11w53Q4+ClfkKI7n3c="></latexit>

y = u(·, t)
Altschuler-Wu�ʼ94,�����������Guan�ʼ96MCF:

General�eq.:

<latexit sha1_base64="e+MYSa21PneImHjAyBWMdK18JZw="></latexit>

(n � 2)
<latexit sha1_base64="tyaaKRkG1MzAepndHvoW3WJ3GNo="></latexit>

(n = 2)
<latexit sha1_base64="14pS/d1gZxF4sMaRZfGrCjTAtdI="></latexit>

(n � 1) Barles-Da�Lio�ʼ05,�Da�Lio�ʼ08
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<latexit sha1_base64="LK8MXsTshexlPgYSeI/yd9KJ5RA="></latexit>8
><

>:

ut = g(ux)uxx in I ⇥ (0,1)

ux(±b, t) = ± tan(⇡2 � ✓±) for t > 0,

u(x, 0) = u0(x) for x 2 I
<latexit sha1_base64="0SFDjwQxmMKyA0kOUMDs4GAyl24="></latexit>

✓+

<latexit sha1_base64="aPEH41oHx2r1eSrTkyYICb/4RX4="></latexit>

✓�

<latexit sha1_base64="/Bnn/a68fUmr1LA1/KpuumgD/Hg="></latexit>

(I = (�b, b) : interval, g 2 C1(R; (0,1)), ✓± 2 (0,⇡) : constants)

<latexit sha1_base64="q5LgIOHfP5D7FOD81hSLPIPtJlM="></latexit>

(n = 1)

Generalizations�(asymptotic�analysis)
• �General�dimensions�and�equations <latexit sha1_base64="f0qttqHko11w53Q4+ClfkKI7n3c="></latexit>

y = u(·, t)
Altschuler-Wu�ʼ94,�����������Guan�ʼ96MCF:

General�eq.:

<latexit sha1_base64="e+MYSa21PneImHjAyBWMdK18JZw="></latexit>

(n � 2)
<latexit sha1_base64="tyaaKRkG1MzAepndHvoW3WJ3GNo="></latexit>

(n = 2)
<latexit sha1_base64="14pS/d1gZxF4sMaRZfGrCjTAtdI="></latexit>

(n � 1) Barles-Da�Lio�ʼ05,�Da�Lio�ʼ08
Question:�If����������,�are�the�solution�and�traveling�wave

bounded?�(including�when�finite�time)

<latexit sha1_base64="vBnvI/CVr65he6jeQRp0k8DJl4c="></latexit>

✓± = 0

Answer:�It�depends�on�differential�equation
(in�particular,�only�on���)<latexit sha1_base64="Stw8Wk/lh+jw/URMCa3r74a9QYI="></latexit>g



Introduction

Question:�If����������,�are�the�solution�and�traveling�wave
bounded?�(including�when�finite�time)

<latexit sha1_base64="vBnvI/CVr65he6jeQRp0k8DJl4c="></latexit>

✓± = 0

Answer:�It�depends�on�differential�equation
(in�particular,�only�on���)<latexit sha1_base64="Stw8Wk/lh+jw/URMCa3r74a9QYI="></latexit>g

cf.�Lasry-Lions�(ʼ89)
<latexit sha1_base64="HKmVkL9Ul4t5b5qQADbcc43Q9Uo="></latexit>

��u+ 1
p |ru|p + "u = f in ⌦

<latexit sha1_base64="PvoixL/IY2WbP/i74yqSXdV+oSM="></latexit>

hru, ⌫i = 1 on @⌦solution�satisfying

<latexit sha1_base64="hbPYxh2ulVITJV/lPahj+tyysGk="></latexit>

(⌦ ⇢ Rn, n � 1)

<latexit sha1_base64="Ryzi8ek5DYJvC9Ztax+pMHkPtKE="></latexit>

p > 2 ) 9!u 2 C(⌦) \ C2(⌦)

(Under�a�suitable�condition�of����)
<latexit sha1_base64="dTtWXI8Jj6jnlz04DVeFu3eKapY="></latexit>

f

• �

(�����������tangentially�contact�to�cylinder�domain)<latexit sha1_base64="29RpDTVERVmnkmPb0vd+7Ni0zAE="></latexit>

graphu

• �
<latexit sha1_base64="qW7KkV0KgCYwQ5Guom8rad3ilfs="></latexit>

1 < p  2 ) 9!u 2 C2(⌦)

solution�satisfying
<latexit sha1_base64="nOqg0Xxmajjcb2tBv8a8cNDt2D4="></latexit>

u(x) = 1 on @⌦



Problem�(tangentially�contact�angle�condition)

(P):

<latexit sha1_base64="DwVD/Pwr/dzppTtmdpKtzsS2Yfw="></latexit>8
><

>:

ut = f(g(ux)uxx) in I ⇥ (0,1)

limx!±b ux(x, t) = ±1 for t > 0

u(x, 0) = u0(x) for x 2 I

<latexit sha1_base64="f0qttqHko11w53Q4+ClfkKI7n3c="></latexit>

y = u(·, t)

(A1)
(A2)

s.t.�
<latexit sha1_base64="/ru2cR/EA5lQBD4VqYj2+1aV6cg="></latexit>

lim
s!±1

|s|↵g(s) = C±
<latexit sha1_base64="hfYTy82NbCgl2+ttTiIiDVJK1/M="></latexit>

9↵ 2 R, 9C± > 0

<latexit sha1_base64="tAQspykCMWHsZmbC2lhNXdPbQR4="></latexit>

f 2 C(R)• � • �
<latexit sha1_base64="VrkP7E+DNhT3WTNGvSeKI7olml0="></latexit>

f(0) = 0 • �
<latexit sha1_base64="q/XneyybJ8lPKiAPr2rSpn7icyM="></latexit>

g 2 C(R; (0,1))• �
• �

<latexit sha1_base64="Oib7r0TctoqzpPCy5IlLh+9fkPE="></latexit>

(g(ux) ⇡ |ux|�↵)

<latexit sha1_base64="qoCTAVlKghl6OCQcJJdTP750utM="></latexit>

f(±1) = ±1:�increase

Typical�examples�of�differential�equation
• �

<latexit sha1_base64="P8DgiBh91fUfqTbhyrGz+zhF7S0="></latexit>

f(s) = s ) ut = g(ux)uxx (as�above)
• �Graph�of����is�a�solution�to<latexit sha1_base64="nrMbqScIthPJbRArigSr0Txqr+Y="></latexit>u

<latexit sha1_base64="PobUS+CHDZypa+ERCQ68ct32FU4="></latexit>

V = ||��1
<latexit sha1_base64="kQO+uHcRtAGbOqS5ne4e2HkJxFY="></latexit>

(� > 0)
<latexit sha1_base64="LqpaFa15E1kA74D3xDU+YoO7/tw="></latexit>

) ut =
��� uxx

(1+u2
x)

3��1
2�

���
��1

uxx

(1+u2
x)

3��1
2�

<latexit sha1_base64="RyTMHpSjmd6E1AMTRzI2/LV84q8="></latexit>

I = (�b, b) : interval

<latexit sha1_base64="9lW3pxe4Cq+5VpDT2Dr/JoTVMsk="></latexit>

g(s) = 1

(1+s2)
3��1
2�

<latexit sha1_base64="j+Ub7tRJju4Cv/cKwled19N2Xyk="></latexit>

f(s) = |s|��1s



Boundedness�of�TW
(Eq) (BC)(P):

<latexit sha1_base64="c9xnI9viqTESDCGz+SzYHHQAno0="></latexit>

ut = f(g(ux)uxx)

<latexit sha1_base64="ESuQOIOVmF2lDVb40v/aGaoP/D8="></latexit>�
g(s) ⇡ |s|�↵

<latexit sha1_base64="lWGGg6bTKF+eF1sHbLdTcWaVwkU="></latexit>

ux(±b, t) = ±1<latexit sha1_base64="veTOAoYoEo6Ny5qOEu3mbob6Z1U="></latexit>

as |s| ! ±1)

Boundedness�of�traveling�wave
<latexit sha1_base64="yqFxdqGzkxtjm3k3agO79ob1IgA="></latexit>

(v(x, t) = w(x) + ct, w 2 C2(I), c 2 R)

• � :�Equation�of
• �

<latexit sha1_base64="+bk9Xii9QnBGMyW1cxOye5jP+aI="></latexit>

wx(x) ⇡ (b� x)�(� < 0)
<latexit sha1_base64="Car8bqXL9tTB23Jy9z4XgmfIQjs=">AAACy3ichVG/b9QwGH0Nv0oK9IAFicXi1MIAJwdVtOqAWrGwILVXrq1UVycn50utJk6U+K604cYu/AMMTCAhhPgzWBhYGfonILYWiYEOfJeLhGgFfFHs5/d97/mz7aeRzi3nB2POmbPnzl8Yv+hOXLp8ZbJ29dpqnvSyQLWCJEqydV/mKtJGtay2kVpPMyVjP1Jr/vajYX6tr7JcJ+ap3U3VZixDo7s6kJaodq0rmjrcsjLLkh 22M89c4atQmyIgz3zgCque2cK/3ekM7rJpJkIZx5I9ZPc8JkSV7ZmTeREpqnCFMp3KqF2r8wYvg50GXgXqqGIpqb2DQAcJAvQQQ8HAEo4gkdO3AQ8cKXGbKIjLCOkyrzCAS9oeVSmqkMRu0xjSaqNiDa2HnnmpDmiXiP6MlAxT/At/z4/4J/6Bf+XHf/UqSo9hL7s0+yOtStuTL26s/PivKqbZYuu36p89W3QxV/aqqfe0ZIanCEb6/t7Lo5X55lQxzd/wb9T/a37AP9IJTP978HZZNV/BpQfwTl73abB6v+E9aMwsz9QXFqunGMdN3MIduu9ZLOAxltCifT/jED9x7DxxcmfPeT4qdcYqzXX8Ec7+L8Ucr2Q=</latexit>

) w :

(
b’dd, � > �1

unb’dd, �  �1

<latexit sha1_base64="iMvCEOAzeAoLJ8m7sP7aB/0p2yo="></latexit>

g(wx)wxx !

8
><

>:

1, � > � 1
↵�1

const, � = � 1
↵�1

0, � < � 1
↵�1

<latexit sha1_base64="UAicm2IdycVoUoVyvciBhWovFc0="></latexit>

f�1(c) = g(wx)wxx

<latexit sha1_base64="ja0zJnzd9X1uVzCvwjfC2VNqQS0="></latexit>

x ! b

<latexit sha1_base64="0pEwOrDwZdv9jwR/Ytf01+jvgKw="></latexit>

w(x)

Assume around <latexit sha1_base64="jwLUNHradhhGLjf2Hzrybess+TM="></latexit>

x = b
<latexit sha1_base64="P9u1z8FZxHmD28VaA94rbI/Lrqs="></latexit>

↵ > 1,



Boundedness�of�TW
(Eq) (BC)(P):

<latexit sha1_base64="c9xnI9viqTESDCGz+SzYHHQAno0="></latexit>

ut = f(g(ux)uxx)

<latexit sha1_base64="ESuQOIOVmF2lDVb40v/aGaoP/D8="></latexit>�
g(s) ⇡ |s|�↵

<latexit sha1_base64="lWGGg6bTKF+eF1sHbLdTcWaVwkU="></latexit>

ux(±b, t) = ±1<latexit sha1_base64="veTOAoYoEo6Ny5qOEu3mbob6Z1U="></latexit>

as |s| ! ±1)

Boundedness�of�traveling�wave
<latexit sha1_base64="yqFxdqGzkxtjm3k3agO79ob1IgA="></latexit>

(v(x, t) = w(x) + ct, w 2 C2(I), c 2 R)

• � :�Equation�of
• �

<latexit sha1_base64="+bk9Xii9QnBGMyW1cxOye5jP+aI="></latexit>

wx(x) ⇡ (b� x)�(� < 0)
<latexit sha1_base64="Car8bqXL9tTB23Jy9z4XgmfIQjs=">AAACy3ichVG/b9QwGH0Nv0oK9IAFicXi1MIAJwdVtOqAWrGwILVXrq1UVycn50utJk6U+K604cYu/AMMTCAhhPgzWBhYGfonILYWiYEOfJeLhGgFfFHs5/d97/mz7aeRzi3nB2POmbPnzl8Yv+hOXLp8ZbJ29dpqnvSyQLWCJEqydV/mKtJGtay2kVpPMyVjP1Jr/vajYX6tr7JcJ+ap3U3VZixDo7s6kJaodq0rmjrcsjLLkh 22M89c4atQmyIgz3zgCque2cK/3ekM7rJpJkIZx5I9ZPc8JkSV7ZmTeREpqnCFMp3KqF2r8wYvg50GXgXqqGIpqb2DQAcJAvQQQ8HAEo4gkdO3AQ8cKXGbKIjLCOkyrzCAS9oeVSmqkMRu0xjSaqNiDa2HnnmpDmiXiP6MlAxT/At/z4/4J/6Bf+XHf/UqSo9hL7s0+yOtStuTL26s/PivKqbZYuu36p89W3QxV/aqqfe0ZIanCEb6/t7Lo5X55lQxzd/wb9T/a37AP9IJTP978HZZNV/BpQfwTl73abB6v+E9aMwsz9QXFqunGMdN3MIduu9ZLOAxltCifT/jED9x7DxxcmfPeT4qdcYqzXX8Ec7+L8Ucr2Q=</latexit>

) w :

(
b’dd, � > �1

unb’dd, �  �1

<latexit sha1_base64="iMvCEOAzeAoLJ8m7sP7aB/0p2yo="></latexit>

g(wx)wxx !

8
><

>:

1, � > � 1
↵�1

const, � = � 1
↵�1

0, � < � 1
↵�1

<latexit sha1_base64="UAicm2IdycVoUoVyvciBhWovFc0="></latexit>

f�1(c) = g(wx)wxx

<latexit sha1_base64="ja0zJnzd9X1uVzCvwjfC2VNqQS0="></latexit>

x ! b

<latexit sha1_base64="0pEwOrDwZdv9jwR/Ytf01+jvgKw="></latexit>

w(x)

Assume around <latexit sha1_base64="jwLUNHradhhGLjf2Hzrybess+TM="></latexit>

x = b
<latexit sha1_base64="P9u1z8FZxHmD28VaA94rbI/Lrqs="></latexit>

↵ > 1,

• �
<latexit sha1_base64="auUFfNBwe0p90miKXr4yVIMLqRY="></latexit>

↵ > 2 ) w is�bounded
(���should�be�bounded�and�converge�to�TW�as����������)<latexit sha1_base64="nrMbqScIthPJbRArigSr0Txqr+Y="></latexit>u

• �
<latexit sha1_base64="FBj9974+136IzycDIr3wNr4Dhv8="></latexit>

1 < ↵  2 ) w is�unbounded

<latexit sha1_base64="ICdQEWZ0RUjn7zYq+/6/Fg4qpBg="></latexit>

t ! 1

(���should�diverges�at�least����������.�How�about�finite�time?)<latexit sha1_base64="vXKWY40pCvFvEm6ahfV2O7vZCnk="></latexit>

t = 1<latexit sha1_base64="nrMbqScIthPJbRArigSr0Txqr+Y="></latexit>u

“Instantaneous”�blow-up�occurs�on�the�boundary
<latexit sha1_base64="wS2Q8g6xoU0E6F++TJluFNJQujA="></latexit>

(↵  2)



Main�results
(Eq) (BC)(P):

<latexit sha1_base64="c9xnI9viqTESDCGz+SzYHHQAno0="></latexit>

ut = f(g(ux)uxx)

<latexit sha1_base64="ESuQOIOVmF2lDVb40v/aGaoP/D8="></latexit>�
g(s) ⇡ |s|�↵

<latexit sha1_base64="lWGGg6bTKF+eF1sHbLdTcWaVwkU="></latexit>

ux(±b, t) = ±1<latexit sha1_base64="veTOAoYoEo6Ny5qOEu3mbob6Z1U="></latexit>

as |s| ! ±1)

Thm1�(K.-Liu,�ʼ21)
s.t.

<latexit sha1_base64="s9KZL2hPFT7jsuxgZwOs9KYP9qI="></latexit>

w(x) + ct

• �
• �

• �

is�convex,
<latexit sha1_base64="d4fjPwJpZldbLXXSgKQ90i8JOSM="></latexit>

) 9a 2 R s.t. ku(·, t)� (w + ct+ a)kL1 ! 0

unique�up�to�vertical�translation

is�Lipschitz�away�from
is�Lipschitz,

<latexit sha1_base64="XB0asafhvliNqjEbGDZ1BGXbwbU="></latexit>

9w 2 C
↵�2
↵�1 (I) \ C2(I), 9!c > 0

<latexit sha1_base64="rxvtjetsz9U2FARgMygPDMtCFmQ="></latexit>

↵ > 2 )
:�sol.�to�(P)

<latexit sha1_base64="uXm3H0VRqsPjDmT++UIt++MsCvg="></latexit>

u0 2 C(I) )
<latexit sha1_base64="lkxhj8RwoU63S3yjTwVaFCUtAvA="></latexit>

9! viscosity�sol.�������������������������to�(P)
<latexit sha1_base64="8hvl15eACxOteetZN/+BSJWEfHc="></latexit>

u0 2 C(I) <latexit sha1_base64="RuRUgtEtGCLKL2aUvW4Z1mgDWXI="></latexit>g
<latexit sha1_base64="FDg/ZzyKjkfFn+LXIvzCQNeVFj4="></latexit>

f�1 <latexit sha1_base64="grgHVu23WijXI7kryMEKfPY/BG0="></latexit>

s = 0

<latexit sha1_base64="+im6QmfyYDn0392WakrsfbIwCNU="></latexit>

u 2 C(I ⇥ [0,1))

(Existence�of�sol.�can�be�proved�by�applying
Perronʼs�method)



Main�results
(Eq) (BC)(P):

<latexit sha1_base64="c9xnI9viqTESDCGz+SzYHHQAno0="></latexit>

ut = f(g(ux)uxx)

<latexit sha1_base64="ESuQOIOVmF2lDVb40v/aGaoP/D8="></latexit>�
g(s) ⇡ |s|�↵

<latexit sha1_base64="lWGGg6bTKF+eF1sHbLdTcWaVwkU="></latexit>

ux(±b, t) = ±1<latexit sha1_base64="veTOAoYoEo6Ny5qOEu3mbob6Z1U="></latexit>

as |s| ! ±1)

Thm1�(K.-Liu,�ʼ21)
s.t.

<latexit sha1_base64="s9KZL2hPFT7jsuxgZwOs9KYP9qI="></latexit>

w(x) + ct

• �
• �

• �

is�convex,
<latexit sha1_base64="d4fjPwJpZldbLXXSgKQ90i8JOSM="></latexit>

) 9a 2 R s.t. ku(·, t)� (w + ct+ a)kL1 ! 0

unique�up�to�vertical�translation

is�Lipschitz�away�from
is�Lipschitz,

<latexit sha1_base64="XB0asafhvliNqjEbGDZ1BGXbwbU="></latexit>

9w 2 C
↵�2
↵�1 (I) \ C2(I), 9!c > 0

<latexit sha1_base64="rxvtjetsz9U2FARgMygPDMtCFmQ="></latexit>

↵ > 2 )
:�sol.�to�(P)

<latexit sha1_base64="uXm3H0VRqsPjDmT++UIt++MsCvg="></latexit>

u0 2 C(I) )
<latexit sha1_base64="lkxhj8RwoU63S3yjTwVaFCUtAvA="></latexit>

9! viscosity�sol.�������������������������to�(P)
<latexit sha1_base64="8hvl15eACxOteetZN/+BSJWEfHc="></latexit>

u0 2 C(I) <latexit sha1_base64="RuRUgtEtGCLKL2aUvW4Z1mgDWXI="></latexit>g
<latexit sha1_base64="FDg/ZzyKjkfFn+LXIvzCQNeVFj4="></latexit>

f�1 <latexit sha1_base64="grgHVu23WijXI7kryMEKfPY/BG0="></latexit>

s = 0

<latexit sha1_base64="+im6QmfyYDn0392WakrsfbIwCNU="></latexit>

u 2 C(I ⇥ [0,1))

Thm2�(K.-Liu,�ʼ21)

<latexit sha1_base64="WFMTFHqMyCByD+jQ31kCB0Rn44M="></latexit>

9u 2 C(I ⇥ [0,1)) : sol. to (P) ) u(±b, t) = 1 (t > 0)
We�can�prove

(bʼdd)�viscosity�sol.������������������������to�(P)
<latexit sha1_base64="/qKapXXRYL6I2QfYDVDgymNgBE0="></latexit>

↵  2 )6 9
<latexit sha1_base64="+im6QmfyYDn0392WakrsfbIwCNU="></latexit>

u 2 C(I ⇥ [0,1))

by�constructing�a�sequence�of�sub-solutions



Main�results
(Eq) (BC)(P):

<latexit sha1_base64="c9xnI9viqTESDCGz+SzYHHQAno0="></latexit>

ut = f(g(ux)uxx)

<latexit sha1_base64="ESuQOIOVmF2lDVb40v/aGaoP/D8="></latexit>�
g(s) ⇡ |s|�↵

<latexit sha1_base64="lWGGg6bTKF+eF1sHbLdTcWaVwkU="></latexit>

ux(±b, t) = ±1<latexit sha1_base64="veTOAoYoEo6Ny5qOEu3mbob6Z1U="></latexit>

as |s| ! ±1)

Thm1�(K.-Liu,�ʼ21)
s.t.

<latexit sha1_base64="s9KZL2hPFT7jsuxgZwOs9KYP9qI="></latexit>

w(x) + ct

• �
• �

unique�up�to�vertical�translation
<latexit sha1_base64="XB0asafhvliNqjEbGDZ1BGXbwbU="></latexit>

9w 2 C
↵�2
↵�1 (I) \ C2(I), 9!c > 0

<latexit sha1_base64="rxvtjetsz9U2FARgMygPDMtCFmQ="></latexit>

↵ > 2 )
:�sol.�to�(P)

<latexit sha1_base64="uXm3H0VRqsPjDmT++UIt++MsCvg="></latexit>

u0 2 C(I) )
<latexit sha1_base64="lkxhj8RwoU63S3yjTwVaFCUtAvA="></latexit>

9! viscosity�sol.�������������������������to�(P)
<latexit sha1_base64="+im6QmfyYDn0392WakrsfbIwCNU="></latexit>

u 2 C(I ⇥ [0,1))

Thm2�(K.-Liu,�ʼ21)

<latexit sha1_base64="WFMTFHqMyCByD+jQ31kCB0Rn44M="></latexit>

9u 2 C(I ⇥ [0,1)) : sol. to (P) ) u(±b, t) = 1 (t > 0)
We�can�prove

(bʼdd)�viscosity�sol.������������������������to�(P)
<latexit sha1_base64="/qKapXXRYL6I2QfYDVDgymNgBE0="></latexit>

↵  2 )6 9
<latexit sha1_base64="+im6QmfyYDn0392WakrsfbIwCNU="></latexit>

u 2 C(I ⇥ [0,1))

by�constructing�a�sequence�of�sub-solutions
Remind
• �Graph�type�sol.�of : Thm1�can�be�applied

Thm2�can�be�applied
<latexit sha1_base64="2dFkajN7quGieGv4N/Dadl43kXM="></latexit>

V = ||��1 (↵ = 3��1
� )

<latexit sha1_base64="wgVCQd0EbaRz13nldiuvdtkdYgY="></latexit>

�  1 )
<latexit sha1_base64="ThW9teSVlYYo19Q/wBpx21JWflk="></latexit>

� > 1 )
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