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Active Materials and Reactive Fluids

@ Active Materials: bacterial suspensions, microtubules, actin network ...

@ Reactive Fluids: Internal combustion engine and rockets, astrophysics...

@ Transduction of chemical energy into mechanical work

Experiments

1. Prost, J., Julicher, F. and Joanny, JF. Active gel physics. Nature Phys 11, 111-117 (2015).

2. Yang, Xiaogang, Jun Li, M. Gregory Forest, and Qi Wang. "Hydrodynamic theories for flows of active liquid crystals and the generalized onsager
principle.” Entropy 18, no. 6 (2016): 202.

3. Gao, Tong, Meredith D. Betterton, An-Sheng Jhang, and Michael J. Shelley. Analytical structure, dynamics, and coarse graining of a kinetic model of
an active fluid. Physical Review Fluids 2, no. 9 (2017): 093302.

4. Needleman, D., Dogic, Z. Active matter at the interface between materials science and cell biology. Nat Rev Mater 2, 17048 (2017).

5. Doostmok di, A, Ig Mullol, J., Yeomans, J.M. et al. Active nematics. Nat Commun 9, 3246 (2018).

6. Stewman, Shannon F., Kenneth K. Tsui, and Ao Ma. "Dynamic Instability from Non-equilibrium Structural Transitions on the Energy Landscape of
Microtubule.” Cell Systems 11.6 (2020): 608-624.
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Muscle contraction: sliding filament theory
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@ Myosin: Molecular Motor

1. Huxley, H.E. & Hanson, J. (1954) Changes in the cross-striationsof muscle during contraction and stretch and their structural interpretation. Nature
173, 973-976

2. Huxley, A.F. & Niedergerke, R. (1954) Structural changes inmuscle during contraction. Interference microscopy of living muscle fibres. Nature 173,
971-973.
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Reaction-Diffusion: Pattern formation

@ Belousov-Zhabotinskii Reaction, Gray-Scott model ....

@ Kondo, S. and Miura, T., 2010. Reaction-diffusion model as a framework for understanding biological pattern formation. science, 329(5999),

pp-1616-1620.
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e Energetic Variational Approach

Chun Liu (lllinois Institute of Technology) Active Fluids with EnVarA June 8, 2022 7/75



Energetic Variational Approaches (EnVarA) in Mechanics

o Energy-dissipation law (from first and second law of thermodynamics):

d Etotal d

-T =W-A
5 LK+ U-1s =W

F for isothermal cases

@ Least Action Principle A(x fo K—Fdt:

JA(x) = / / (forceinertial — forcecons) - d x dx dt
o Ja

@ Maximum Dissipation Principle (for linear response region):

0D(x4) = / forcegiss - 0 x; d x
Q

@ Force balance force;nertiar = forcecons + forceqiss:
6A 0D
6 X (5 Xt

1. Lars Onsager. Reciprocal relations in irreversible processes. i/ii, Physical review, 1931.

2. J W Strutt (L Rayleigh). Some general theorems relating to vibrations. Proceedings of the London Mathematical Society, 1(1):357-368, 1871.
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How about reactive/active fluids?

@ Couples chemical reaction with various mechanical process (diffusion, electric
field, elasticity ....).

@ Quantify energy convection and temperature (thermal) effects.

@ Goal:

Incorporate chemical reaction kinetics, the law of mass action
(LMA) into the framework of EnVarA. J
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Chemical reactions: reactants and products

@ Chemical Reactions in physics, chemistry, biology and even social science:
Transform one set of species (reactants) to another (products).

@ Types of chemical reaction:
o Synthesis reaction (combination reaction): A+ B — AB

8F8+S8 ‘>8Fes

o Decomposition reaction: AB — A+ B.
e Single replacement reaction: A+ BC — AC + B.

Zn+2HCl — Z,Cly + Hs
e Double replacement reaction: AB+ CD — AD + CB.
Acid-based reaction : HB, + N,OH — N,B, + H20

Hydrolysis reaction: with water H2O

o Examples: SIR model; BASS model; Battery; Electron transport chain in
Mitochondrion; Force generation in Muscle Contraction; Tumor growth,
Polymer breakage and reformation in wormlike micellar;...
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Kinetics of chemical reaction

A single chemical reaction: aA + B = ~C

@ The conservation of matter (Intrinsic kinematic constralnts).

~v[A] + a[C] = Constant
~[B] + B[C] = Constant

@ Rate models:

d[A] B
T ar([A],[B], [C]),
d[B] B
- = pr([A],B],[C]),
d[C] B
7 = ’y’l”([A]y[ ]7[0])

e Q: How to find r([4], [B],[C])?

Keener J P, Sneyd J. Mathematical physiology. New York: Springer, 1998.
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Rate model: the Law of Mass Action (LMA)

@ the Law of mass action (LMA)

@ At an equilibrium:
a2 40
Keq o ]4?1 cY ’
where (a, b, c) is an equilibrium.
@ LMA is an equilibrium treatment of chemical reactions. K.q, k1 and ko are
influenced by interactions between chemical reaction and other effects of the

system, such as the presence of enzyme, as well as diffusion and drift in an
electric field.
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Questions and Objectives

@ Various derivations/reasoning of the LMA.

@ Underlying principles and relations to Thermodynamics and consistency to
other principles.

@ Coupling and competition with other effects: Chemomechanical and
mechanochemical systems.

@ Temperature effects.
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Questions and Objectives

@ Various derivations/reasoning of the LMA.

@ Underlying principles and relations to Thermodynamics and consistency to
other principles.

@ Coupling and competition with other effects: Chemomechanical and
mechanochemical systems.
@ Temperature effects.
@ Energetic Variational Approaches.
e Multiple scales, multiple physics/principles coupling and competitions.

(with Yiwei Wang, Pei Liu, and Bob Eisenberg) Field Theory of Reaction-Diffusion: Mass Action with an Energetic Variational Approach Physical Review
E, 102, 062147 (2020).
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Lyapunov functional (free energy)

Consider aA 4+ B — take RT = 1 for simplicity)

C(
@ The Lyapunov functlon (free energy)
[Wei, 1962, Shear, 1967, Mielke, 2011, van der Schaft et al., 2013]:

F-¥l a/)-1) |

e ¢;”: activity constant, internal energy.

o Energy dissipation with LMA (r = kyc§¢h — kpcl) -

3
d 0o dCi
E}— = Z‘5:1(111 ¢ —Ine®)

dt

(67 ﬁ o0
= —rln (CIC? (c‘f"(;z()c;)ﬂ> =—kcj(Q@—-1)InQ <0,

where
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Lyapunov functional (free energy)

@ Thermodynamics argument [Mielke et al., 2017]

3 3
F=ic(ne -1+ aU
—_——
Entropy internal energy

@ K4 is determined by the choice of energy

() (c3°)”

fa = gy

= exp(— (OéU1 + pU; — ’YUS));

AU

where p; = 55% =Iln¢g —Inc¢® =1Ine; + U,
o Arrhenius Law (1889), van't Hoff Law (1884) ....
o Transition State Theory (TST).
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Energy-dissipation law

@ Reaction Presentation: R(t) (reaction trajectory [Oster and Perelson, 1974])
e Kinematics (stoichiometric mapping) aA + B = ~C

¢i(t) =¢i(0) +o;R(t), OR=r

where o = (—a, —3,7) is the stoichiometric vector.
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Energy-dissipation law

@ Reaction Presentation: R(t) (reaction trajectory [Oster and Perelson, 1974])
e Kinematics (stoichiometric mapping) aA + B = ~C

¢i(t) =¢i(0) +o;R(t), OR=r

where o = (—a, —3,7) is the stoichiometric vector.
o Energy-dissipation law in terms of R and 0;R:

%]—'(R) = —2D(9,R, R).
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Energy-dissipation law

@ Reaction Presentation: R(t) (reaction trajectory [Oster and Perelson, 1974])
e Kinematics (stoichiometric mapping) aA + B = ~C

¢i(t) =¢i(0) +o;R(t), OR=r

where o = (—a, —3,7) is the stoichiometric vector.
o Energy-dissipation law in terms of R and 0;R:

%]—"(R) = —2D(9,R, R).

o Generalized energetic variational approach (D(9; R, R) may be not quadratic

in atR):

OF

(W Rt) = —(D(R.0:R), 0,R) = D(R,0,R) = 5.

E7
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Energy-dissipation law

@ Reaction Presentation: R(t) (reaction trajectory [Oster and Perelson, 1974])
e Kinematics (stoichiometric mapping) aA + B = ~C

¢i(t) =¢i(0) +o;R(t), OR=r

where o = (—a, —3,7) is the stoichiometric vector.
o Energy-dissipation law in terms of R and 0;R:

%]—"(R) = —2D(9,R, R).

o Generalized energetic variational approach (D(9; R, R) may be not quadratic
in atR):

OF

(W Rt) = —(D(R.0:R), 0,R) = D(R,0,R) = 5.

E7

@ The reaction rate r is uniquely determined by the independent choice of the
dissipation.
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Chemical affinity

For the chemical reaction aA + B == ~C
@ The Thermodynamic force for chemical reactions: Affinity

A= —apas—Bup + yuc
as introduced by De Donder [De Donder, 1927]

The variational of free energy with respect to R results in the chemical

affinity % = A (R is the internal variable in [Coleman and Gurtin, 1967])

Reaction velocity (rate of conversion): R;

Chemical equilibrium [Kondepudi and Prigogine, 2014]: A=0and R; =0
= A=0when R, =0

@ The choice of dissipation gives relation between R, and A, which can be
written in terms of affinity (as in [Mielke, 2011]) or reaction velocity

Chun Liu (lllinois Institute of Technology) Active Fluids with EnVarA June 8, 2022 17 /75



Dissipation: LMA

e D=n(R)RiIn(n:(R)R; + 1):

OF

m(B) n(na(R)O R +1) = — 5.

@ Since Koy = ko/k1,
r= klc‘fcg — kac]

we recover the law of mass action (LMA).
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Dissipation: linear respons (Onsager)

@ Linear Response Approximation : D = n(R)|0;R|*:

oOF
W(R)atR - _ﬁa

By n(R) =1, we have

3
r= <Z o;1n(e;) — aneq> , o= (—a,—5,7)
i=1
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Dissipation: linear respons (Onsager)

@ Linear Response Approximation : D = n(R)|0;R|*:

oOF
W(R)atR - _ﬁa

By n(R) =1, we have
3

r = <Z g; ln(ci) — theq) y g = (—Oé, _ﬁv,)/)
i=1

“Linear response approximation” is only valid close to equilibrium, i.e., the
late stage of chemical reaction [de Groot and Mazur, 1984].

[ Riln(R,+1) ~ R? for R, ~0)

@ Reversibility, Detailed Balance.

@ Allen-Cahn type of systems, Cahn-Hillard-Allen-Cahn system.

@ Tumor models, Keller-Segel chemotaxis ......
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How to distinguish different choices of dissipation ?
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Chun Liu (lllinois Institute of Technology)
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e Equilibrium setting
cannot distinguish LMA
and linear response
approximation.

@ A non-equilibrium
setting:
reaction-diffusion with
sources.
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General cases: multiple reactions

@ N species and M reversible reactions
K
anXy +apXe+...aunXn k:l B X1+ Bi2Xe + ... Bin XN,
fori=1,..., M.

@ Kinematics:
e(t) = co + o R(1),

o o € RV*M stoichiometry matrix (o1 = Bii — aui)
e N — rank(o) conserved quantities.
o R(t) = (Ri(t), R2(t), ..., Rnm(t)), M reaction trajectories.
o o = ZB, where Z is the complex stoichiometric matrix, and B is the
incidence matrix [van der Schaft et al., 2013].
-1 0 1 00 0 1 0
Xi==2X2+X3, Xz+X4=—Xs 2 0 0200 _1 :
o=|1 -1 Z=10 110 B =
5 species, 2 reversible reactions, 0 -1 0010 0 -1
4 complexes 0 1 00 0 1 g !
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General cases: multiple reactions

o Energy-dissipation Law:

d

where

N
.F:/ch(hlczfl)+clUldX
i=1
M
O Ry
’D:/ 8R1n(+1)dx
A eTo)

@ Governing Equations:
O Ry ) oOF
n|—=+1) = ——
(Th(c(R)) 6Ry

@ Applications: Michaelis-Menten Kinetics [Oster and Perelson, 1974],
Gray-Scott Reaction Diffusion [Pearson, 1993] .....
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Reactive Fluids: a Reaction-Diffusion System

@ Coupling between diffusion (mechanics) and chemical reactions.
o Kinematic:
Oci(%,t) + V- (¢, u;) = 0 R (x, 1),
—_———
Diffusion Reaction
o Free Energy:
3
.F[C] = Z/ ci(lnci — 1) +CiUidX
=179
@ Dissipation:

QD:/Z?:lci|ui‘2+F(R,Rt)dx
—_— —

Diffusion Reaction

Energy-dissipation law: L7 = —2D
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Reactive Fluids: Reaction-Diffusion

o Notice (corresponding to d F' = —pdV + ud N)

3

3
if-' — Z(ai’ Oci) = Z(Civui, u;) + (Z oitki, Re)
=1

i=1 i=1

@ Governing equation:

ciu; = —c;Vpi, (Diffusion)
R%F(R’ Ry) =— 2?21 oili,  (Reaction)

@ Reaction-Diffusion system: 0;c; = Ac; + 0, Ry
@ Operator splitting sheme based on energy-dissipation law.

1. Matthias Liero, and Alexander Mielke. "Gradient structures and geodesic convexity for
reaction-diffusion systems.” Philos. Trans. Royal Soc. A 371.2005 (2013): 20120346.

2. Chun Liu, Cheng Wang and Yiwei Wang, A Structure-preserving, Operator Splitting Scheme
for Reaction-Diffusion Equations Involving the Law of Mass Action, arXiv:2010.16320
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quilibrium setting: a model system

channel

Consider reaction-diffusion inside the channel A+ B = C

Source from the left bath (Dirichlet BC of ¢4 and ¢p)

Measure the flux of C' into the right bath.

Abstract representation of one component of a complex biological networks.

Yiwei Wang, Chun Liu, Pei Liu, and Bob Eisenberg. "Field theory of reaction-diffusion: Mass
action with an energetic variational approach.” Phys. Rev. E, arXiv:2001.10149 (2020).
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Apply to the model system

D = Ry ln(Rt + 1)

:\ T ‘ L ‘ L ‘ L ‘ T \:
/ —o [
' --050 4
o -=1.00
channel s t b
2 =
N E
07\ L1 ‘ L1 ‘ L1l ‘ L1 ‘ L1 \:
0 002 004 006 008 0.1

o Channel (—¢,¢) t o

iy D = |Ry|
"] Boundary condition: £ e |
Y =
ca(—et) =co, Oycalet) =0, ok ]
cp(—€t) =co, Orcplet)=0, o £/ o777 ]
T04— e —
Ozco(—€6,t) =0, colet) =0.1, oy ]
0.2f —o0.25[]
B - - 0.50H
@ (o IS the Input o S T T R A i
0 002 004 006 008 0.1

@ Output: Accumulated flux of C t
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e Micro-Macro Model for Wormlike Micellar Solutions
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Wormlike micellar solutions

o Wormlike micelles, also known as living polymers, are long, cylindrical
aggregates of self-assembled surfactants that dynamically break and
recombine [Cates, 1987].

Wormlike Micelles
Overlap

Concentration

Surfactant Molecules

- Critical Micellar
/\/. Hydrophilic Concentration
J Head
| S
Hydrophobic Self-assemble
Tail

@ Applications: Household and cosmetic products / Oil industry (fracturing
fluids, EOR) / ...

@ “Chemomechanical” system: couples chemical reactions with Viscoelastic
effects.
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Shear banding in steady shear flow

@ The breaking and recombing procures lead to unusual rheological properties.
@ Non-monotonic strain-stress curve in homogeneous shear flow.

1

10 T T T T
Homogeneous constitutive curve
% Inhomogeneous flow curve
10° :
* kK K ¥ * Kk
S
107" :
-2
10 . . , .
107 10”" 10° 10’ 10? 10°
0l

Cromer, Michael, L. Pamela Cook, and Gareth H. McKinley. "Interfacial instability of pressure-driven channel flow for a two-species model of entangled
wormlike micellar solutions.” Journal of non-newtonian fluid mechanics 166.11 (2011): 566-577.
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A Reactive Fluid

@ Dynamically break and recombine
[Cates, 1987, Vasquez et al., 2007, Germann et al., 2013].

[Cates, 1987]

0o/ /u e
o __e

e @

@H
_% o«

[Vasquez et al., 2007]

Our Model

Chun Liu (lllinois Institute of Technology)

Active Fluids with EnVarA

Cates’ model: continuous
distribution of lengths N (L)

Vasquez-Cook-McKinley

(VCM) model: two species
model, breakable and
deformable elastic segments

Thermodynamically consis-
tent revision:  Germann-
Cook-Beris (GCB model)
[Germann et al., 2013]
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Cates’ Model

@ ¢(L) : number density of chains of arc-length L.

@ A long chain can break at each position with an equal rate k1, and arbitrary
two chain can combine together with an equal rate k5, and

(L) = —k1 Lo(L) — 2kae(L) /0 S erhdr

oo [ee]
+ 2k / o(I)d L + ks / (L )e(L")s(L + L' — L)dL'd L”,
L 0

@ Chemical rection: L + L' <=> L"

Cates, M. E. "Reptation of living polymers: dynamics of entangled polymers in the presence of reversible chain-scission reactions."

Macromolecules 20.9 (1987): 2289-2296.
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Reactions in VCM model

@ Break in the middle to give two

, . , short dumbbells
w . 'W‘{f?' ‘ @. @ Recombine short chains by adding
\3,. D @Q\\Q -’ end-to-end vector.
1‘§ @ .@ﬁ& ey @ Breaking/Reforming:

—k1a + kot * ¥

‘ §. @ Macroscopic (na = [ ¢ada,
&bd& PR, & ‘@@ ' Mo = [a®avada):

\) Y 2
@ . @. —kina + kangp
Adams, Abdulrazaq A., Michael J. Solomon, and Ronald G. Larson, Journal of — k'l MA —|— kanMB

Rheology 62, no. 6 (2018): 1419-1427.

@ lrreversible on microscopic.
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Microscopic reversible reactions

) 3.@&*“' . QNN“N" o Larger micellar (tribells) chains
§’ e §,@\\ have two springs (three beads)
S = ‘d§§ o Smaller micellar (dumbbells)
[ chains have one spring (two beads)

Adams, Abdulrazaq A., Michael J. Solomon, and Ronald G. Larson, Journal of
Rheology 62, no. 6 (2018): 1419-1427.

L) = - [Ri(a,a’5a”)da’da” - [ Re(a’,a;a”)da’da” + [ Ri(a’,q”;a)da’ dq”
Ri(a,q’,q") = W (a,q5q")v()w(a) = W (q,959")9(q”) (LMA)

@ Existence of energy-dissipation law.
Affinity at the equilibrium: (u(q”’) — p(a) — u(a’))W(a,9’;q"”") =0¥q,q’,q" € R%
@ Diffusion limit.

Active Fluids with EnVarA June 8, 2022 33/75
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Microscopic reversible reactions (more simplification)

Break

-

<=
Combine
Og
Need a moment closure to get
) macroscopic equations.
Bresk AVE
—
' ombine
A
)

O

|Qal = @Bl =a
LMA for fixed q and =x:
—kiha + ka2t0%,

Reversible on microscopic
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A micro-macro model for micellar solution

@ Two species A and B, which are breakable and deformable elastic segments
@ 1, : number density at x with end-to-end verctor q

o (LMA for given x and q): A molecule at position x with end-to-end vector q
can only break into two B molecules with same end-to-end vector, and the
reforming can only happen between two B molecules at the same position x
with the same end-to-end vector.

@ Kinematic:

Opa+ V- (uava) +Vq- (Vaa) = —R;
Op +V - (upyp) +Vq- (VBYp) = 2R,

u,: Microscopic velocity of specie «;; V,: microscopic velocity of species «;
R(q,x,t) : reaction trajectory for given x and q.

@ uy = up = u, the velocity of the fluids.

(with Yiwei Wang and Teng-Fei Zhang) On a two species micro-macro model of worm- like micellar solutions: dynamic stability analysis (2021).
(with Yiwei Wang and Teng-Fei Zhang) A two species micro-macro model of wormlike micellar solutions and its maximum entropy closure approximations:

An energetic vari- ational approach (2021).
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New micro-macro model for micellar solution

@ Free energy
Etotal — / 1\ u |?(Kinetic energy)
a2
+/Ra Ya (i —1+Ua)+p (nip —1+Up)dqdx
@ Dissipation
2D = —/Z/IVu|2 / ?ZZ’A‘VA —Vugq[’+ ?¢B|VB —Vuql’dq

/ 8tRln 8tR+1)dqu

Reaction: break and reform
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New micro-macro model for micellar solution

@ Free energy
Etotal — / 1\ u |?(Kinetic energy)
02
+/Ra Ya (i —1+Ua)+p (nip —1+Up)dqdx
@ Dissipation
2D = —/Z/IVu|2 / ?ZZ’A‘VA —Vugql®+ ?¢B|VB —~Vuql’dq

/ ORIn(n(R)OR+1)dgdx

Reaction: break and reform

@ Equilibrium (Microscopic detailed balance for given x and q):

Yx

o= gy
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New micro-macro model for micellar solution

@ Governing equations be determined through EnVarA:

du+(u-Viyu+Vp=vAu+V.-r

V-u=0

YA +u-Voa+ V- (Vuqia) —E€aVy - (Va +VUatha) = —0R
obp +u-Vip + V- (Vuayp) —EsVe - (Vi + VUpYp) = 20/R

where 7 is the induced stress from the microscopic configurations

T=/(VqUA®q1/1A+VqUB®q¢B)dq—(nA+nB)I

OR = kitha — kathlyy o = / Yadq(a=4,B)

@ Hookean spring:

1 1
Ua = iHAIQ\Q, Up = §HB|<1|2
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Wellposedness: global existence near the equilibrium

(dynamic stability)

@ The global equilibrium satisfies (H4 = 2Hp [Germann et al., 2013]):
Ma(q) = eUs, Zy=[eVrdq

Mg(q) = %e‘UB, Zp = fe_UB dq

ki Ma — kng; = 0, detailed balance at the microscopic

oo
- z .
e Equilibrium constant: K., = 24 = e = 12 (Assume K. = 1in
B B

proving the global existence near the equilibrium)
@ Define the fluctuations of ¥ 4 and ¥ around the global Maxwellian

Ya=Ma+Mafa, vp=Mp+/Mpfp
@ Main difficulty:

/ V/Mafadd £0, / 2/ M fa +/Mpfzda = 0.
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Perturbative system

@ Inserting the perturbation relations into the original system enables us to get
the perturbative system.

8th+u~VfA+ququA=-|+ ra + VuqVqUa(v/My +%fA),
Ofp+u-Vfs+VuqV,fs =[Eafs|+ rs + VuaVeUs(VMp + 3f5),

drutu-Vu+Vp=vAu+ V- [q&(VUafavVMa+V,Upfe\V/Mp)q ,

V-u=0.
@ Technical difficulties: How to deal with Fokker-Planck,

Micro-Macro (kinetic-fluids) coupling, Reversible reactions, and
close an a-priori estimates
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Global existence near the equilibrium

Theorem (Global existence near the equilibrium)

Let (u, fa, fB) be the fluctuation near the global equilibrium (0, M4, Mpg) with
their initial data (uo, fa,0, fB,0) satisfying

1poz,O = Ma + v Mozfoz,O > 07 and f(QwA + wB)|t=0dq =1

There exists some constant e sufficiently small, such that,
if the initial fluctuation satisfies

2 2
£5(0) = o By + | (Fa0r 300 +11(@Fa0, afm0)liiss <e,

/%|u0|2dx—|—/ Bza:A,BwQ,Olnlﬁf}f — a0+ M,)dgdx <k,
Q QxR

then the perturbative system admits a unique global classical solution
(u, Ya, ¥p) with ¥, = My + VM, fo > 0, and moreover,
+oo

sup E(t) + D(t)dt < Ce.
te[0,+00) 0
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Momentum closure system

@ Momentum closure is needed due to the microscopic reaction

@ Maxium Entropy Approximation [Hyon et al., 2008, Wang et al., 2008]:
Approximate v, based on n, and M, (second momentum) by solving the
constrained optimization problem

v —agmin [ 0+ Usbda,
A R4
where A={¢: R 5 R,9 > 0| [¢dq=na, [P(a®q)dqg=M,}.

e Explicit form with U, = 1 H,|q |?
@ Maximum enetropy manifolds:

* * n 1 Tar—1
M= {w = eneretnz P (~ha"M q>}

@ Second moment: M = nM on M*
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Maximum entropy closure: free energy

o Free energy (in term of ¥% and ¥%):

o= [ fen () ) oo (n () ) aaox
A B

o Free energy (in terms na,np, A, B):

]:CL(nA,nB,A,B) = /nA (ln (n;i> - 1> +np <ln (7@) - 1)
ny np

na HAA 1
2lndet< - )+2tr(HAAnAI)

HpB\ 1
— "B ndet [ 22 ) + = te(HpB — npl)) dx,
2 np 2

Hu, Dan, and Tony Lelievre. "New entropy estimates for the Oldroyd-B model and related models.”
Communications in Mathematical Sciences 5.4 (2007): 909-916.
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Maximum opy closure: variatio n-closure

@ Variation-then-closure:
p(Oru+(u-V)u)+ Vp=nAu+AV: - (HaAA + HgB — (na + np)I)
V-u=0
Ona+V-(nau)=—kina +%2(B)n23,
onp +V - (npu) =2king — 2’1\912(B)n2]’37
OA + (u-V)A — (Vu)A — A(Vu)" =264 (nal — HaA) — k1A + 3ka(B)npB
8B+ (u-V)B — (Vu)B — B(Vu)T = 2¢5(npl — HpB) + 2k1 A — k2(B)npB.

%

@ Macroscopic reaction rate after closure: %,(B) = kag
™ e

@ Dissipation:

AC = /gA tr ((HAI - nAA71)2A) +éptr ((HBI - nBBfl)zB)
+ (kina —ZQ(B)né) In (%) —2In (%) -i—lnM
L g \/det(HaA/n4)

1~ 1
+ tr ((klA - Ekz(B)nBB)(nBB*l - 5nA,«vl)) dx.

@ The dynamics not necessary lie on M™*: no explicit equations of A and B.
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Maxium entropy closure: closure-then-variation

@ Closure-then-variation: a dissipation on M*
— ~\ 2 ~\ 2 —
AT = /nIVul2 + tr (MA (C}i—A) ) +tr (MB (%) ) dx+Dchem

e Kinematics for ny: Oing + V- (ngu) = 0, R" (04 = 1,05 = 2).
@ Chemical potential of A and B:

uz:lnn,qflnniof ln(det(HAK))+§tr(HAK71),

In (det (HBB)) + %tr (HBﬁ - I) ,

o= N

» =lnng —Inny —
Hp = B B

o Taking Denem (R™, 8, R™) = 8,R" In (nft(fg’;) + 1) with
N (R™) = ks exp(tr(TB)/nB)/det(HBfB)nQB leads nonequilibrium reaction
rate

k?eq _ kiq exp(% tI‘(TA/nA)) ’ k;leq _ Eeq eXp(tI‘(TB/nB) )

— 2 =
det(HAA) det(HpB)
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Maxium entropy closure: closure-then-variation

@ Dynamics on M*:

p(Oru+(u-V)u)+Vp=nAu+AV- (HA(nAK) + HB(nt) —(na + nB)I)
V-u=0

Oina+ V- (nau)=—ki*na + k;cqn%,

onp +V-(npu) = anean = 2kneqn23,

A+ (uV)A = (Vu)A - A(Vu)T =264(1— HaA)

B+ (u-V)B — (Vu)B - B(Vu)T = 2¢5(I — HpB),

@ Reactions are only on number densities.
@ Second moment: A = nAg and B = n3£~3

@ Active stress due to the reaction on the number density (n, = nd + nactive)
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Numerics: Homogeneous shear flow
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@ Muscle Contraction: Active Viscoelasticity
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Muscle Again

Band Zone Band ’f‘-. ."q

CapzZ
LTitin
s o . ———smmmem— S

€ ¢
dlg“‘ 00 0L
- g

Sarcomere

cssses 3*: — Myosin
"""" S head
Relaxed Myosin ) Myofibril
tail

Actin

sipion g et e Transduction of chemical
SR~ energy, derived from ATP
ot s —— hydrolysis, into mechanical
e e " T T work. [Duke, 1999]

> M-line @ Mpyosin: Molecular Motor

1. Huxley, H.E. & Hanson, J. (1954) Changes in the cross-striationsof muscle during contraction and stretch and their structural interpretation. Nature

173, 973-976
2. Huxley, A.F. & Niedergerke, R. (1954) Structural changes inmuscle during contraction. Interference microscopy of living muscle fibres. Nature 173,

971-973.
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Huxley-type molecular model

@ Physiological model / Half-Sarcomere model

@ Assume a large number of contraction sites all with the binding site in the
same position relative position
@ n(x,t): fraction of cross-bridges with length x is attached

on on
o + v = (1 —n(x))f(z) —g(x)

@ Strain-dependent chemical reaction rate
|_‘>

: W MYOSiLnlﬁ

/

bound

<
<

0 Xe x*

Strain

Contraction of Muscle

Huxley, A.F., Muscle structure and theories of contraction[J]. Progress in biophysics and biophysical chemistry, 1057, 7: 255.
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More details: ATP driven cross-bridge cycle

Kinetic Scheme: coupled, three-state cycles for thin-filament activation and
cross-bridge formation [Tanner et al., 2007].

"113

I 1|

TF1

TF2

| | 7
iz 23,
Sinesss — i “—
rt,ZI r1,32 /
A~M.D.P _ A MY

XBI1
Tl Tv13 TI

.31

A+ M+ ATP — A+ M + ADP + Pi + Force

(Pi stands for an inorganic phosphate group PO437)
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Variational modeling for molecular motors

0 E 1 X

Frank Julicher, Armand Ajdari, and Jacques
Prost, Rev. Mod. Phys. 69, 1269, 1997

Otp1 + V(Vp1 + VWip1) = —wip1 + waps
Otp2 + V(Vp2 + ViWaps) = wipt — waps

Michel Chipot, David Kinderlehrer and Michal Kowalczyk, A Variational Principle for Molecular Motors, Meccanica 38, 505-518 (2003).
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Mechanochemical model for muscle contraction

@ Proposed model:

d
E dx

Loars L weE 04, + U,
l2p|u| +det?W(Ef)+/Zij¢l1nwz+wzdf

:_/n|u‘2+/z¢i‘U—‘/¢|2+F(R,8tR)dfdx

myofibril

myosin Yy Kf zi

T Ko Ty Ko

contractile unit

Hudson Borja da Rocha and Lev Truskinovsky Phys. Rev. Lett. 122, 088103, 2019
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© Conclusion

Chun Liu (1llinoi itute of Technology) i ids wi June 8, 2022 53/7



Conclusion

@ We extend the energetic variational approach to include chemical reactions
with Law of Mass Action, which enable us to couple LMA with various other
mechanisms, including mechanical effects such as diffusion, drift in an electric
field, as well as the thermal effects.
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Conclusion

@ We extend the energetic variational approach to include chemical reactions
with Law of Mass Action, which enable us to couple LMA with various other
mechanisms, including mechanical effects such as diffusion, drift in an electric
field, as well as the thermal effects.

@ Ongoing and future work:
o Extend to non-isothermal System (with Jan-Eric Sulzbach) Well-Posedness for the Reaction-Diffusion Equation
with Temperature in a Critical Besov Space (2021).
Micro-Macro model with law of mass action for micellar solutions.
Other active materials and applications.
Variational modeling of charge transfer in batteries
SIR type models, Michaelis-Menten kinetics, Gary-Scott system ...
Analytical Issues: existence, stability and regularities.
Structure-preserving numerical scheme.
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Thank you for your attention! |

Chun Liu (lllinois Institute of Technology) Active Fluids with EnVarA June 8, 2022 55/75



Q Appendix |: Thermal Effects
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Thermal effect: non-isothermal case

o Helmoholtz free energy density: (¢, )

@ Entropy: n = —vy
o Internal Energy density: e(c,¥) = (¢, 9) + 9n:= e1(c,n)

@ Thermodynamical relation:

_%a 19_@
M_acl’ Oy

o Clausius-Duhem relation (q: heat obsorbed):
an+V-(nu)=V- (—) +A
@ First law of the thermodynamics:

d
e =V-T+V.
dtsl + q

Ericksen, J. L. (1992). Introduction to the Thermodynamics of Solids.
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|deal gas

o Free energy: ¥(p,0) = k16plnp — kopfIn b,
@ Pressure: p = k1pf, and internal energy: €1 = kapb,

@ Final system:

Oep = k1 A(pb),
ko (p8): — k1(k1 + Kk2)V - (OV(ph)) =V - (k3V).

@ Jan-Eric Sulzbach and Chun Liu (2020): The Brinkman-Fourier System with Ideal
Gas Equilibrium. Ning-An Lai, Chun Liu and Andrei Tarfulea (2020): Positivity of
temperature for some non-isothermal fluid models.

@ Francesco De Anna and Chun Liu (2018): Non-isothermal general Ericksen-Leslie
system: derivation, analysis and thermodynamics-consistency. Pei Liu, Simo Wu
and Chun Liu (2018): Non-Isothermal Electrokinetics: Energetic Variational
Approach.
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Nonisothermal reaction-diffusion systems

@ Helmoholtz free energy density !:

3 3

¥(e,9) = ko (Z cilne; — 1)+ ¢U; = > Qiciln 19) ., Q; : Heat capcity

i=1 i=1
@ First law of thermodynamics:

3

d 861 (961

— dx = —0ic; + — 0 dt

2 q
= /Z(#i(—v (ciwg) + 00 R) + 0 (—V “(nu) + V- (5> + A) dx
i=1

3 3
:/V~’H‘+V~q+ZciVM~ui+z,ui(ai8tR)—V19- (%) +oAdx
=1 i=1

=0

LGorban, A. N., Karlin, I. V., & Zinovyev, A. Y. (2004). Constructive methods of invariant
manifolds for kinetic problems. Physics Reports, 396(4-6), 197-403.
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Nonisothermal reaction-diffusion systems

@ Entropy production:

3
1 1 V|2
a= [ dedup ﬁ<Rt,r<R,Rt>>+k3|ﬁ|2' >0
=1

@ Governing equations:

c;u; = —¢;Vu; Mechanical
T(R,R;) = —Y°_, oupi(ci, ) Chemical
q = k3V?9 Thermal: Fourier Law
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@ Appendix II: Dynamic Boundary Conditions
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Another Application: Dynamic Boundary Conditions

In some applications, such as modeling of Batteries, chemical reaction only
happens at the boundary

Mass exchange between surface and bulk.

The concentrations might be discontinuous at the boundary.

Kinematic:

Oci +V - (ciu;) =0,x € Q

cu; =3%, xel

¢i+Vr-(Gu) =3i" v+oiR(x), xeT
o ¢;: Concentrations in the bulk €.
e C;: concentrations on the surface I'.

e j5%: mass exchange between bulk and surface.
e R: reaction trajectory on the boundary.
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Reactions On the Boundary

@ Energy-dissipation law:

% (/Qw(c)dx—l—/rws(c)d5>

= —/ Z?;l cilwiPdz — [; 2?21 cilvil? +mo|Re? + 1357 -v[?d S
Q
@ Governing equation:

cu; =V, xX€e
35 v =p; —pi, x €I Difference of chemical potentials
Civ; = Eivl"/i,?, xel
1 3
EP(R’ Ry)=->_joiu}, xeT
Knopf, P., Lam, K. F., Liu, C., & Metzger, S. (2020). Phase-field dynamics with transfer of

materials: The Cahn—Hillard equation with reaction rate dependent dynamic boundary
conditions. arXiv preprint arXiv:2003.12983.
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9 Appendix Ill: Multiscale Analysis of Chemical Reactions
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Multiscale modeling of chemical reaction

Kramers-Smoluchowski equation:
Diffusion on a potential landacape

@ Chemical master equation:
Discrete state Markov jump process

@ Chemical Fokker-Planck equation (chemical Langevin equation):
Continuous state, continous time Markov chain

@ The reaction rate equation:
Large volume limit, most probability path
1. Gaveau, Bernard, Michel Moreau, and Janos Toth. Variational ilibrium thermod: ics of reaction-diffusion systems. |. The information
potential. The Journal of chemical physics 111.17:7736-7747, 1999.
2. D.T. Gillespie, The chemical Langevin equation. J. Chem. Phys., 113(1), 297-306, 2000.
3. Montefusco, A., Peletier, M. A., & Ottinger, H. C. A framework of ilibrium statistical ics. Il. Coarse-graining. Journal of Non-Equilibrium

Thermodynamics, 46(1), 15-33, 2021
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From Kramers diffusion to reaction

@ Fokker-Planck equation:
0ep” = 0¢(0ep® + €2 p°H'(€)), \/1\

@ Invariant distribution: o¢(§) = Z% exp (7132(5)) R

e Scaling factor: 7. = Lexp (—1)

.2
o Scaled energy-dissipation law ;f — —80, € =0
d [ 0 e ] W/ IH(0)H"(1)
—/ velnveaedﬁz—/ U——|Vv€|2d§, K=
dt J_ o oo Te V€

Evans, Lawrence C., and Peyam R. Tabrizian. "Asymptotics for scaled Kramers—Smoluchowski equations.” SIAM Journal on Mathematical Analysis 48.4

(2016): 2944-2961.
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From Kramers diffusion to reaction

@ Profile of v¢

) = SO (2050 g :I
o) LalC2D)

@ Formal limit:

d1 k(2 2 V/IH(0)[H"(1)
ag(alna—i—ﬂlnﬂ)——g (a—l—ﬁ) (a—0)7, K=

a(t)

@ Reaction A — B:

(= p) = rla—p)

Herrmann, Michael, and Barbara Niethammer. Kramers' formula for chemical reactions in the context of Wasserstein gradient flows. Communications in

Mathematical Sciences 9, no. 2 (2011): 623-635.
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From chemical master equation to LMA

@ Chemical Master equation (Discrete state, continuous time markov chain)
d
qiPi = Pi-1Gi—14 + Pit1Git1,i — Pidi,i—1 — Pidii+1,

o Ordering along a reaction trajectory, g; ; : transition probability;
© pi°Qiit1 = pil1¢i+1,: (detailed balance condition)

@ Energy-dissipation law:

d . Pi |\ — _ Di _ Pit1 Pi | _ Pit1
foSomin () = - (- 22) (n () - (32))

Ge, Hao, and Hong Qian. "Physical origins of entropy production, free energy dissipation, and their mathematical representations.” Physical
Review E 81.5 (2010): 051133.

Terebus, Anna, Chun Liu, and Jie Liang. "Discrete flux and velocity fields of probability and their global maps in reaction systems.” The Journal
of chemical physics 149, no. 18 (2018): 185101

Terebus, Anna, Chun Liu, and Jie Liang. "Discrete and continuous models of probability flux of switching dynamics: Uncovering stochastic

oscillations in a toggle-switch system.” The Journal of chemical physics 151, no. 18 (2019): 185104.
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From chemical master equation to LMA

@ Continuous state limit: the chemical Fokker-Planck equation

%fplnp—plnpssdy: —fn(p)|Vlnp—Vlnpss|2dy

@ Deterministic limit: the Law of Mass Action.

1. T. G. Kurtz. The relationship between stochastic and deterministic models for chemical reactions. J. Chem. Phys., 57(7), 2976-2978, 1972.
2. H. Ge, and H, Qian., Mathematical formalism of nonequilibrium thermodynamics for nonlinear chemical reaction systems with general rate law. J. Stat.
Phys., 166(1), 190-209, 2017.

3. A. Mielke, R.I.A. Patterson, M.A. Peletier and D.R.M. Renger, Non-equilibrium thermodynamical principles for chemical reactions with mass-action

kinetics. SIAM J. Appl. Math., 77(4), 1562-1585, 2017.

4. J. Maas, A. Mielke. Modeling of Chemical Reaction Systems with Detailed Balance Using Gradient Structures. J. Stat. Phys. 181, 2257-2303, 2020.
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